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Abstract

Channel estimation in high-mobility environments is a challenging problem for advanced mobile communi-
cation systems (5G and beyond). In this manuscript, we first propose an iterative algorithm for channel
estimation and data detection in the delay-Doppler domain for multiple-input multiple-output orthogonal
time frequency space system. Then, in order to increase the spectral efficiency of the system, we use a
superimposed pilot pattern. The proposed algorithm takes advantage from the sparse nature of the chan-
nel in the delay-Doppler domain and iterates between message passing-aided data detection and data-aided
channel estimation. For channel estimation, we propose two algorithms. The first one consists in estimating
all channel parameters, including the number of path gains, delay taps, Doppler taps, and channel gains by
using a mean-field approximation and the variational Bayesian expectation maximization algorithm. The
second one, based on the fact that delay and Doppler taps remain unchanged for a rather long period of
time, uses an MMSE approach combined with Cholesky decomposition to only estimate channel gains in
each transmitted frame. For data detection, we adapt the message-passing algorithm proposed in the liter-
ature. We also derive a lower bound on the signal-to-interference-plus-noise ratio of the proposed scheme,
and maximize it by optimally allocating power between pilots and data symbols. Finally, we compare the
complexity and the performance in terms of normalized mean square error, bit error rate, and spectral ef-
ficiency against existing methods. Simulation results, conducted in high-mobility scenarios show that the
proposed algorithm achieves a good compromise between complexity and performance.

Keywords: OTFS, MIMO, channel estimation, data detection, superimposed pilot pattern.

1. Introduction

Future advanced mobile-communications systems require high reliability, low latency and high spectral

efficiency (SE) communications [, 2]. Orthogonal frequency division multiplexing (OFDM), which is the

Email addresses: ouchikh16rabah@gmail.com (Rabah Ouchikh), abdeldjalil.aissaelbey@imt-atlantique.fr
(Thierry Chonavel), thierry.chonavel@imt-atlantique.fr (Abdeldjalil Aissa-El-Bey), djeddou.mustapha@gmail.com
(Mustapha Djeddou)



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

most popular modulation technique used in today’s mobile-communication systems, offers high throughput
and high SE but its performance deteriorates in high mobility scenarios, such as high-speed vehicular, high-
speed trains and even in aircraft flying scenarios [3]. These performance degradations are caused by the
doubly-dispersive nature of the wireless channel in high mobility environments. This nature causes severe
inter-carrier-interference in OFDM systems.

Orthogonal time frequency space (OTFS) modulation, which has been recently proposed in [4, [5], is
a promising solution. Its robustness and better performance, compared to OFDM, are attractive for high-
speed vehicular communication systems. The secret of OTFS is that it transforms a doubly-selective wireless
channel to an almost flat one in the delay-Doppler (DD) domain thanks to the inverse symplectic finite Fourier
transform (ISFFT). The fact that the doubly-dispersive channel is transformed into a flat fading channel
can be exploited to reduce the bit error rate (BER). The sparsity of the channel in the DD domain can also
be exploited to reduce the pilot overhead required to estimate a rapidly time-varying channel.

As with OFDM, multiple-input multiple-output (MIMO) can also be combined with OTFS and benefit
from the diversity to further increase the transmission rate [6HI0]. To ensure robust data transmission in a
MIMO-OTFS system, efficient channel estimation and data detection algorithms are required at the receiver
side. Several channel estimation schemes for MIMO-OTFS systems have been proposed in the literature
[ITH21]. Let us briefly review the most recent and popular of them.

In [I1], a channel estimation scheme in the DD domain designed for MIMO-OTFS system is suggested.
The designed channel estimation method uses impulses in the DD grid as pilots for estimation. Thanks to the
pilot pattern used in [I] for pilots, data symbols and guard intervals, there is no interference between pilots
and data symbols. Simulation results show that the proposed channel estimation scheme for MIMO-OTFS
achieves good performance and outperforms the MIMO-OFDM system under high-Doppler scenarios.

In [12], a 3D orthogonal matching pursuit (3D-OMP) algorithm is suggested to solve the challenging
downlink channel estimation problem for massive MIMO-OTFS system. First, the authors of [12] show that
the MIMO-OTFS channel exhibits a 3D-structured sparsity. The channel is block sparse along the Doppler
dimension because the system bandwidth is much greater than the Doppler shift of a path, i.e., the only one
non-zero block is concentrated around zero, but its length is unknown. It is normal sparse along the delay
dimension because the number of dominant propagation paths is limited. It is also burst sparse along the
angle dimension, this is due to the fact that the angle-of-departure spread of a path at the base station is
usually small. Although the non-zero burst lengths can be depicted as constant, it is unknown where each
burst starts. Then, the downlink channel estimation is formulated as a sparse recovery problem. Simulations
show that the designed algorithm can acquire a good channel state information (CSI) with reduced pilot

overhead.
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In [13], a downlink massive MIMO-OTFS channel estimation is regarded from a Bayesian perspective.
First, the massive MIMO-OTFS signal model in the time domain is derived. Then, the variational Bayesian
framework is adopted to recover the uplink channel parameters (the angle, the delay, the Doppler shift, and
the channel gain) for each physical scattering path. Next, the reciprocity of the channel between the uplink
and the downlink is exploited to reconstruct the parameters for the downlink massive channels at the base
station. Simulations results confirm the validity and robustness of the proposed scheme.

In [14], authors use a tensor-based OMP channel estimation algorithm that exploits the channel sparsity
in the DD-angle domain. A novel pilot design for OTFS in the time-frequency domain is firstly suggested.
Then, based on this pilot pattern, the channel estimation is formulated as a sparse recovery problem and the
tensor decomposition, and parallel support detection are introduced into the tensor-based OMP algorithm
to reduce the signal processing dimension significantly. Numerical results show the superiority and the
robustness of the proposed algorithm.

In [15], a scheme to acquire the state of massive MIMO-OTFS channels has been designed. A pilot
pattern is then proposed to reduce pilot overhead and save memory consumption. Then, a channel estimation
algorithm based on a modified sensing matrix is designed to acquire the downlink CSI. Numerical results
show that this scheme has significant advantages over previous algorithms.

In [I6], a low pilot overhead channel estimation scheme for cyclic prefix (CP)-OFDM-based massive
MIMO-OTFS system is suggested. First, the CP-OFDM-based massive MIMO-OTFS system channel with
antenna directivity pattern is analysed, and the burst sparsity in the angle domain is transformed into block
sparsity by using non-uniform Fourier transform. Then, to solve the problem that the pilot overhead grows
linearly with the number of antennas, a three-dimensional dynamic support detect algorithm is suggested.
Simulation results show that the proposed algorithm has lower pilot overhead and higher channel estimation
accuracy compared to the conventional OMP and the 3D-structured OMP algorithms.

A new receiver architecture based on the basic expansion model (BEM) OTFS is designed in [19] for high
mobility communications with Doppler spread channel. First, the analytical BEM-OTFS system model is
derived. Then, a low-order generalized complex exponential aided rough channel estimation with low pilot
overhead is suggested. Finally, a high-resolution generalized complex exponential BEM model with a large
BEM order is adopted for the channel estimation refinement and equalization. The data symbols are exploited
as pseudo-pilots, leading to higher estimation accuracy. Simulation results show that the suggested method
outperforms existing solutions in terms of BER and mean squared error (MSE) for channel estimation, while
featuring low pilot overhead.

In another work [20], a new channel estimation scheme for MIMO-OTFS is suggested. The 2D structure

in Doppler-angle domain for channel is considered and characterized via a local Beta process. The uplink
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channel estimation problem is formulated as a sparse recovery problem, and it is solved via the estimation of
the delay, the Doppler shift and the angle of the channel using sparse Bayesian learning. Therefore, downlink
channel estimation is performed with the help of these estimated parameters. Simulation results show that
the proposed scheme achieves good performance of channel estimation and also shows robust adaptation to
variable Doppler.

In [21], to improve signal reconstruction in high-Doppler scenarios, a compressive sampling matching
pursuit (CoSaMP) algorithm is suggested for the downlink channel estimation in massive MIMO-OTFS
system. Simulation results show the gain brought by the CoSaMP algorithm with interleaving compared to
the state-of-the-art channel estimation schemes with a lower computational complexity.

In [I7], in order to reduce the pilot overhead, training duration and the pre-processing complexity, an
end-to-end input-output MIMO-OTFS model is derived and a new model for sparse channel estimation, in
which pilots are placed in the time-frequency domain, is suggested. The two main contributions of this work
is that the suggested channel estimation scheme can estimate the fractional Doppler shifts efficiently and the
SE of the system is increased compared to the previous state-of-the-art methods.

The authors in [I8] proposed an efficient channel estimation method for MIMO-OTFS systems. The
channel estimation problem is formulated as a block sparse recovery problem and it is solved via the designed
block sparse Bayesian learning with block reorganization method. Simulation results show that the suggested
method outperforms previous state-of-the-art methods in terms of performance and noise robustness.

To the best of our knowledge, except [22], [23], and [24], all channel estimation algorithms for SISO-OTFS
modulation in the DD domain use two groups of channel estimation methods. The first group concern the
conventional pilot aided (CPA) design with a super-frame architecture, where two frames are sent for each
transmission: one frame for channel estimation and another for symbol detection [I1I]. The second one is
the embedded pilot (EP)-aided channel estimation, where a pilot pattern regrouping pilots, data symbols,
and guard intervals in the same frame is used [25]. Both schemes suffer from the degradation of the SE of
the system. This problem becomes even more difficult in a MIMO-OTFS system due to the large number of
guard intervals required in the DD domain.

The second group of channel estimation methods, which is the most widely used in the literature, can
be further divided, according to the type of pilot pattern, into three schemes. We will define these three
schemes through three methods: a reference method [25] and two recent methods [17, (18], one method for
each scheme. In the first scheme, which is called pilot type-1 [25], pilots are designed with higher power than
data and guard intervals are inserted around pilot to alleviate the interference of data symbols. Using pilot
type-1, the channel estimation step is simple and less complex as it is performed with a simple threshold

method. However, the performance is poor with high pilot overhead (low SE) and high peak-to-average
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power ratio (PAPR) due to guard intervals and different power design for data and pilots. To remedy these
shortcomings, the second and third schemes were proposed. In the second scheme, called pilot type-2 [18],
there is no guard intervals between the pilots and data symbols. The pilot type-2 tolerates some interference
between the data symbols and part of the pilots, but on the other hand it improves the pilot overhead by
removing the guard intervals and therefore improves the SE. In the third scheme, called pilot type-3 [17],
another strategy has been adopted, which consists in directly transmitting pilots over the time-frequency
domain grid for estimating the DD domain CSI. This leads to a reduction of the pilot overhead, training
duration and pre-processing complexity.

Although the pilot type-2 and pilot type-3 schemes offer better SE than the pilot type-1 scheme and the
CPA design, the pilot overhead of both schemes increases with increasing delay and Doppler spread of the
channel. For example, in a high Doppler spread channel, more pilots are needed for good channel estimation.
This increases the pilot overhead and decreases the SE. Hence, the need for a superimposed pilot pattern
and data symbols, where pilots and data symbols are superimposed in the same locations in the DD grid.

Superimposed schemes allow for the cancellation of pilot overhead due to the non-use of guard intervals
and the non-allocation of a particular space for pilots, but their use for MIMO systems requires the develop-
ment of a powerful channel estimation and data detection scheme to manage the interference between pilots
and data symbols. Furthermore, to improve SE and to minimize the BER, the transmitted power must be
optimally distributed between the pilots and data symbols. Considering the challenges mentioned earlier,
the objective of this work is to develop an iterative scheme for channel estimation and data detection in the
DD domain for MIMO-OTEFS systems, utilizing superimposed pilot pattern to increase the SE. The main

contributions of this work can be summarized as follows:

1. We propose an algorithm for MIMO-OTFS channel estimation and data detection that uses super-
imposed pilot pattern in the DD domain and benefices from the sparse nature of the channel in this
domain. The proposed design mitigates the interference between the pilots and data symbols by it-
erating between message passing-aided data detection and data-aided channel estimation in the DD
domain, and has better BER and SE. For channel estimation, we design two formulations and two
solutions to solve this problem. The first formulation consists in estimating the channel parameters,
including delay taps, Doppler taps and path gains, as a sparse recovery problem. This problem has
been solved by adapting the suggested algorithm for SISO-OTFS system in our previous works [20] 27]
to MIMO-OTFS system. This algorithm uses a mean-field approximation and VB-EM algorithm. The
second formulation consists in estimating a compact vector containing only the path gains, based on

the fact that the delay taps and Doppler taps remain unchanged for a given period. This problem has
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been solved via a low complexity MMSE and the Cholesky decomposition.

2. For data detection step, we propose to this context an adapted version of the message-passing algo-
rithm (AMPA). This algorithm is computationally-efficient as it exploits the channel sparsity in the

DD domain. In its detection process, it takes into account the interference of the pilots on data symbols.

3. We derive a lower bound on the signal-to-interference-plus-noise-ratio (SINR) of the proposed scheme,
which is subsequently optimized to derive the optimal pilot power expression. It is demonstrated that

the optimal power level reduces the BER and increases further the SE of the proposed scheme.

4. We numerically validate the narrowness of the optimal distribution of transmitted power between pilots
and data symbols and show its effect on the NMSE, BER and SE of the proposed scheme. Then, we
compare the complexity and the performance of the proposed algorithm against four state-of-the-art
methods, named: embedded pilots (EP) [25], block sparse Bayesian learning with block reorganization
(BSBL-BR) [18], row-group OMP (RG-OMP), and row-group bayesian learning (RG-BL) [17], in terms
of SE, normalize mean squared error (NMSE) and BER. Finally, we show the good compromise achieved
by the proposed scheme between NMSE and BER performance, SE, computational complexity and
PAPR.

The rest of the paper is structured as follows. Section [2 is reserved for the description of the MIMO-
OTFS system model using superimposed pilot pattern. The suggested algorithm for channel estimation
and data detection is detailed in Section Section [4 is dedicated to the derivation of the optimal power
distribution between pilots and data symbols. The complexity analysis of the proposed solution as well
as the comparison of this complexity with the state-of-the-art methods are presented in Section The
performance of the designed scheme is evaluated in Section [6] by various experiments. Finally, conclusions
are given in Section [7]

Notations: We denote by a, a and A, a scalar, a column vector and a matrix, respectively. Symbols
® and © denote the Kronecker and the Hadamard products, respectively. Operators vec(.) and vec,!, (.)
designate the column vectorization of an m X n matrix into an mn x 1 vector and the invectorization of an
mn X 1 vector to an m X n matrix, respectively. 6(.) is the Dirac-delta function and E{.} is the expectation

operation. The notation diag{d;,ds,...,dy} denotes an N x N diagonal matrix with entry (i,4) equal to d;,

and the notation blkdiag{ By, Bs, ..., By} denotes a block diagonal matrix with B; the i'" block diagonal
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entry. The modulo-M operator is given by [.]ps. Hermitian transposition is denoted by the superscript (.)*.

Matrices I, Fy,, and FH represent the N x N identity matrix, the n-point DFT matrix, and the n-point

IDFT matrix.

2. MIMO-OTFS system model

We consider a MIMO-OTFS system whose parameters are given in Table[l] Its block diagram is shown

in Fig.

Table 1: Parameters of a MIMO-OTF'S system.

Parameter

Physical signification

M, N
N, N,
W, W,
fe

delay bins, Doppler bins
number of Tx and Rx antennas

transmit pulse matrix, receive pulse matrix

carrier frequency

At(s), Af(Hz) slot duration, subcarrier spacing
maximum Doppler tap, maximum delay tap

Ky, Lr
NAt, MA
te

f

frame duration, frame bandwidth
coherence time

o W
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Figure 1: Block diagram of a MIMO-OTFS system: (I)SFFT: (Inverse) symplectic finite Fourier transform, HT: Heisenberg
transform, WT: Wigner transform, CP: Cyclic prefix, TF: Time-frequency.

At the transmitter side, the 2D grid of symbols in the DD domain Xpp is formed, for each antenna, by

a superposition of data symbols and pilots as follows:
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where D) ¢ CMxN

pilots in the i-th branch.

1)
Xbp

Ny
Xpp

is the matrix formed by data symbols and P®) e

=DW 4+ p)

— W) + ID(Nt)7

CMxN is the matrix formed by the

The DD domain signal X pp, in each branch, is then transformed into a time-frequency domain signal

Xrr via an ISFFT as follows:

X{)(n,m)

Ny
X9 (n,m)

\ﬁ

3

=
Il
o

=2

—1M-1

Z Z X(l) k’l jZﬂ(ka%}%

k=0 1=0

|
E

ml

~ X (k, 1) 5,
l

I
<

Next, Xrp is converted to waveform s(t) using the Heisenberg transform as

where s() = vec(S®) with SO = W, Fil(Fy X

s

s(Ne) —

O FE) = WX FH and 21 = vec(X ).

1
=(FYf © W)app,

DD’

W, is a

pulse shaping matrix (for rectangular pulse W; = I;). One CP is added to the signal s(¢) in each branch

before its transmission.

The MIMO wireless channel in the DD domain is sparse with few parameters. The channel between the

t-th transmitting antenna and the 7-th receiving antenna has P taps. Thus, the baseband channel impulse

response can be represented as

P
Zh Tt)(; (T —1)0(v — 1),
=1

(4)

where hgm, vi, and 7; are the complex channel gain, the Doppler shift, and the delay of the -th path,

respectively. The i-th delay and Doppler taps (I;, k;) can be written as l; = , MAf, k; = v; NAL.

We derive the linear system describing the input/output relations of the MIMO channel as
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rO =H,1sW + .+ H 5N 4+ nl

1)

’I"(2) :Hgls(l) + ...+ HgNtS(Nt) + 'n(Q),

T(N'r') :Hers(l) + ..+ HNTNtS(Nt) + n(Nv-)7

where H,.; = Zil hgrt)HliAki € CMNXMN ig the corresponding channel matrix between the tth transmit-

ting antenna and the r-th receiving antenna with IT € CMN*MN "ig the permutation matrix (forward cyclic

shift):

A = diag[a®

aMNfl] c

0 0 1
1 0 0
I =
0 1 0
CMNXMN ' wwhere a = e .

Gaussian noise variable at the 4-th receiving antenna.

Let 7, = [(#M)T, (r

and

Thus,

where 7, .y, €

((:MNN’I‘XI’ s

DT (r

(NT))T}T7 Sm = [(8(1))T7 (8(2))Ta RE) (S(Nt))T]T’ Ny = [(n(l))Tv (n(Z))T,

H,y, Hy H,y,

Hy  Hy Hjy,
Hy =

Hy, Hy, Hy, N,

Tm = HMsm + Ny,

c C]V[NNtxl, and HM c (CMNNTXMNNt.

(®

The received signal in the DD domain, for the 4th antenna, is written in a vector form as yp),

(Fy @ W,)r® | where y

(Fi® Wt)$DD7 we get

[

(Yjé%) Based on the fact that (

Ym = Hxpm +7/:;'1

=

szs ]) + n(l) and S(‘])

n() ~ CN(0, 02) is an additive complex

)

(nOV)T]*
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where y,,, = (1)),

Wr)n@)) ,

with

where A,

n ~ CN(0,02IyN), n and n share the same distribution.

)"

2
(Y5

) PRRRS)
o (Fy © W, )n(No)T]T

N, 1 2
(o ) 1T, @ = (@), (@5)7,
, and
Hiw  Hoe Hin,
24— Hor  Hoo Hon,
Hy1 Hn,o Hn,. N,
Hij = (FN X Wr)Hij(Fll\L/I X Wt),

Ny
($5:)D)

P
= (Fn @ W;) (Z h(ij)ﬂlpAk”) (F @ Wh),
p=1

-2

h(”

= (Fy ® W,)9,(F ® W), and 9, = I Ak».

my = E{n} = 05w, and covariance matrix

The transmitted vector «,, contains pilots and data symbols.

NeaRg

where p = [(pV)7

where y, = Hp and yq = ‘Hd. The term y,

where ®,, = blkdiag(By, Ba, ...,

,(p7T,

d = vec(DW). Thus, equation (9) can be written as follows:

BN,,, = [Alp(l), ceeny

AppW, ..

Ym

S Ap(N

By,) € CMNN, xPN;N.

C.=E{nn } =0

,and d = [(d")T

2IvNN, -

=H(p+d) +n=y,+ys+n,

Yp = (I)phm,

., AppNt) ], and h,,

= Hp can also be written as

P

U

) ]Tv;;’:

NN
i

g eee

(FyeW,)nh)T

b

hEDNrNt)

* is a block diagonal matrix with By = By = ...

11
= [, .

]T

(10)

(11)

Since (Fy ® W,.) is a unitary matrix and

The additive noise vector m has a mean

(12)

It is written in the form x,, = p + d,

o (dNVNTT with p® = vec(P®) and

(14)

is an

(N¢N,. P x 1) vector formed by the channel coefficients of all paths. h,, has zero mean and the following

covariance matrix:

10

(Fy®



Chn,, = E{h,hl}

m

2 2 2 (15)
= dlag{ahg“”'“"’hg}l”""“h;Ner}'
214 Assuming pilot symbols are chosen independently with uniform distribution, the matrix ®, has a zero
25 mean and a covariance matrix given as follows:
Co, =E{®,®'} = N\Po I\, . (16)
Proof. : Since ®, = blkdiag(B4, ..., Bn,.), its covariance matriz can be expressed as follows:
Cs, = E{®,27}
P { P+ p } (17)
= blkdiag(E{BleI},...,E{BNTB]{,IT}).
216 Letting E{p™ (p"™) "} = 02I)n, the expression E{B;BI'} is expressed as follows:
E{B.BI'} = Y.L XL AE(p (™)AL, 18)

N, P
= UZ Zn:l Zz’:l AiAﬁ
217 Since A; = (Fy @ W,)9;(FH @ W), 9, = II“ A% and by taking G, = Fy @ W, and Gy = FiloWw,

2x8  we have

AiAfI = GrﬂiGtGﬁﬂfIGf,
= G 991GE,
(19)
= GO AR(AR) T GH,
= G,II" (Hli)HGf[,
219 Note that TITIY = Iy;n, that is ITTH = TI7L. Then,
Il (1) = Iy, (20)
220 and inserting (@ mnto (@ we get AiAlH = G,,Gf[ = Iyn. Then,
E{B;B/'} = N,Po>Ixn, (21)
o leading thus to Eq. @ O

222 Let h = [(ROUNT . (RCNT . (R(N-N)TIT heing the LN, N, sparse vector of channel, where h(¥) ¢

g ey

»s  CF is a sparse vector of channel between the i-th Tx antenna and the j-th Rx antenna containing only P

11
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non-zero elements. Equation can also take the following form:

yp = (KO ¥)h = Ah, (22)

where IC € CMNN-xLNiNr ig the pilots matrix given as follows:

Ki Ko -+ Kin,
Ko Ko -+ Kan,

K=\ ' R (23)
Knai Kno2 -+ Kn.n,

with L = (2k,+1)(I;+1), and the elements of the sub-matrices IC;; of the matrix IC are calculated as follows:

ICi;[i' U2k, + 1) + k' + k] = PO[(k — k' )n, (1 — )], for i’ =0: MN, I' € [0,1,] and k' € [~k,, k,].

P ¢ CMNN-XLNeNr ig an additional phase shift matrix given by

Wy Wy - Wy,
Wy Wy - Wy,
Uni1 ¥no2 - ¥y,

where the elements of the sub-matrices ¥;; of the matrix ¥ are calculated as follows: W;;[¢',l'(2k, + 1) +
k' + k] =exp(k'(l—1)/MN).

Therefore, equation can take the two following forms:

Ym = Hd + ®,h,, +n. (25)

Ym = Hd + Ah +n. (26)

3. Proposed algorithms

In this section, we detail the proposed algorithm for channel estimation and symbol detection. The
first step in the proposed algorithm is the estimation of the number of channel paths P and the delay and
Doppler taps {l;, k;}i=1.p. Since {l;, k;}i;=1.p remain unchanged for a period T, for a doubly-underspread
(DU) channel [28], the estimation of these parameters is done once every Ts = NpT seconds, where Ny is

the number of frames in the period Ty and T is the frame duration. Only the channel gains {h;}i—1.n, N, P
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will be estimated in each OTFS frame. For this purpose, we propose the frame architecture shown in Fig
In each branch of the MIMO-OTFS system, the first frame (Fr, ) is used for channel estimation including the
number of channel paths P, the delay and Doppler taps {l;, k; }:i=1.p, and the channel gains {h;}i—1.n, N, P-

In each of the other frames (Fry, ..., Fry ), only the estimation of the channel gains is considered.

T
T
[ [ EN N — ENE
v-1eeeeeeeeseees® v-1eeeeeeeeeseee®
seeeeesessese o0 eeeosessssse
seeeeeeeseeee seeeseseeessse
e eeeesessese seeeseseeeeee
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seeeeessesesee seeeeeesesesee
seeeeessssesee seoeeeessessee
oo e eeesessese 00 eeeeeesssse
0000008088 eee seseeeeesessee
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00 e eeeeesesee o0 eeee0eeesese
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| eseeeessssssse o eeeeeoessesse
0 1 M-1 0 1 M-1

Figure 2: Frame architecture (M: data, o: pilot).

3.1. Iterative SoBaP-AMPA algorithm for channel estimation and data detection

This algorithm operates in the Fr, transmitted frame and iterates between data-aided channel estimation

and AMPA-assisted data detection.

3.1.1. Data-aided channel estimation (SoBaP algorithm)

The model can be rewritten as follows:

LN.N,
Ym = Z 8iCi@; + V4, (27)

i=1
h ; is the i-th col fA h= = T wh 1Y ENeN-
where a; is the i-th column of A, h = s ® ¢ = [s1c1, Saco, ..., SLN, N, CLN, N, " , where s € {0,1} is

the support vector of channel and ¢ denotes the vector of channel gains. vy = Hd +n ~ CN (O,ng)
(see proof) is a mixture involving the additive noise, the channel contributions and the data symbols. V4
can also take the form vy = ®gh,, + n, where &, = blkdiag(C}, Cs, ...,Cy,) € CMNN:XPNeNe with
C,=Cy=..=Cy, = [ArdW, ... Apd®, .. A1 d™) ..., ApdND]. In the same way as ®,,, one can easily

verify that ®; has a zero mean and a covariance matrix given as follows:

Cq>d = E{‘I’d‘i’g[} = tho'ﬁIMNNT~ (28)
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Proof. : Since mp,, = E{h,,} = 0pn,n, and my = E{rNL} = 0pNN,, the mean of vy is

m%d = ]E{gd} = O]\/INNM (29)
and its covariance matriz is calculated as follows:

~ ~H
C. = E{vgv,},
o {vavy } o (30)
= E{®.h, hl®1} + E{nn }.
The expression E{® h,,hZ®H} can be evaluated based on the following property [29]: if X is a K x L
random matriz that satisfies E{X X"} = 021k, then for any L x L hermitian matriz Y, E{XY X"} =

%E{XXH} Therefore,

Tr(hyhil)

E{®ahmhn @} = —5 o E{@a® ), o
PNiN, o9
(Bt}
By replacing the expressions @, @ and m @ we get
52 PN,
ng = <Ufl + F‘i z_; 0;211) IynnN,. (32)
O

Letting ¢s the (PNyN, x 1) vector and A, the (M NN, x PN;N,) matrix constructed, respectively, from

the elements of ¢ and A considering the indices i where s; # 0. Thus,

p(ymle, s) = CN(Ascs, C;) (33)

The inputs of the vector h are modeled by a Bernoulli-Gaussian model. This model allows to take into

account the sparsity of the vector h. We suppose that ¢ follows the probabilistic model given by

LN¢N,

plels) = [ pleilsi). (34)

i=1
where p(c;|s;) = CN(0,02 ) and 0% > og.
With the model , , the vector y,, can be seen as a noisy mixture of atoms specified by the
support s. It is worth noting that the variances cri of Gaussian distributions are independent of the support

s. It is also to be noted that, to detect the location of spikes, the variables s; corresponding to the inputs
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of h are assumed to be independent Bernoulli random variables (s; = 1 if a spike is present at h; and
s; = 0 otherwise). The unstructured sparsity treated here can be modelled using a standard product of the

Bernoulli distributions:

where p(s;) = Ber(p;) and p; = p(b; = 1) =1 —p(b; = 0).

Furthermore, in modern approaches, instead of trying to approximate the means of the posterior distri-
butions from MCMC simulations, one tries to iteratively compute an exact variational approximation of the
target posterior distribution.

For the sparse channel estimation problem that we would like to solve in this work, we propose a MAP-
estimator, which correspond to the optimal Bayesian estimator using Bayesian cost. Therefore, the first

approach to solve the channel estimation problem consists in solving the following joint MAP problem:

(8,€) = arg maxlog p(s, c|yo). (36)

s,c
It has been shown in [30] that the solution set of the joint MAP problem is the same as the standard
sparse recovery problem using the Bernoulli-Gaussian model , . This close connection motivates the
use of the Bernoulli-Gaussian model in the channel estimation problem treated in this work.
More specifically, we are interested here in the determination of channel support s using the MAP

criterion. The decision minimizing the decision error probability on support s is given by:

§ = argmax log p(s|ym), (37)
scA

where A = {0, 1}V,

The evaluation of log p(s|y,,) for all 2¢474A) sequences of s € A is required for solving problem .
This makes problem complex.

In order to reduce this complexity, individual decision on each input of the support vector s is classically

considered. This decision is taken from a marginalized MAP estimation problem, conducting to

§; = arg maxlogp(8i|ym)' (38)
SiE{Oal}

Even if the problem seems easy to solve because the search space contains only two elements (s; €

{0,1}), the evaluation of p(s;|y,,) remains intractable due to the costly marginalization of p(s|y,,) over
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292

the s;’s, for j # i. To solve this problem, we compute a tractable surrogate ¢(s;) of p(s;|ym). The

procedure adopted here allows to compute an approximation ¢(s;) of p(s;|y.,) and is named the mean-field

approximation. It is summarized in |Appendix Al In this case, problem becomes

$; = argmax log q(s;). (39)
Sie{o,l}

Based on the mean-field approximation, problem can be solved by a threshold method as follows:

1, if g(s; =1) > p,
5 — q( )>p (40)

0, otherwise,

where p = 0.5, which is a value that minimizes the Bayes risk when uniform and equal costs are selected
[31, Section II.B]. Once the support vector s is estimated, the vector of channel gains ¢ can be estimated
by MAP estimate é = arg maxlog p(c|$, ym):
c
¢s= (ATA;+A) ALy,

(41)
and ¢ =0 if s;, =0,

where A = diaglo®/0? 0% /02 ,....0% /02, ]. As and s denote the corresponding columns of A and the
entries of ¢ limited to 8, respectively. This solution reduces to the least-square solution when o2 <« afi
and to matched filtering when o2 is large. The proposed algorithm for channel estimation is summarized in

Algorithm

Algorithm 1 Channel estimation algorithm
CMNN, A ¢ CMNN,xLN;N,

Require: y,, €

Ensure: § € {0,1}VeNr ¢ e CLN:Nex1

p(s) = [T p(se)

prior mean for ¢: m = Orn, N,

probability g: ¢(® ~ (Uo,1))1:LN, N,

rr® =y, —A(sOm)

while £ < K and |q(sz(-k)) - q(sz(-k_l))| <edo
for | =1:LN;N, dcz)

2

S(sklym) = Mw
2

8: m(sl|ym)(k) = SZW%ITAZ’QTAI

(k) (% 7%((? l&f)
9 q = qlsilym)®) o< /S(silym)e e p(s)
10: 8 p®) = p®) = A (P m(s|y,,)®)
11:  end for
12: end while
13: estimate support s: § = (¢ > 0.5)
14: estimate ¢ conditional to §: ¢5 = (AT As + A) " 'Aly,, and ¢, =0if s, =0
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3.1.2. AMPA-aided data detection
Once the channel estimation is done, the obtained results, namely the channel coefficients as well as the

delay and Doppler taps will be used to form the following model allowing the detection of data symbols:

Ya = Ym — Ah = Hd + w., (42)

where w, = A(h-— iL) +n is formed by the additive noise and the channel estimation error b —h. The mean

mey and variance vary of the k-th element of w, are given as follows:

e(k) (k)

Mgy = E{w.(k)} =0, (43)

e

vary oy = o2 + GIQJM;L, (44)

where M), = E{||h — h||*} is the MSE of channel estimation.

Proof. : Letting e;, = A(h — ib), then w, = e;, +n. One can easily verify that the (I + kM)-th element of

the vector ey can be written as follows:

LN¢N, R
en(l + kM) = Z Al + kM, j1(h(7) = h(35)), (45)

where Al + kM, j] = B(1+ kM, j)PD[(k —k;)n, (1 —1;) ) and B;(1+ kM) is an additional shift phase given

as follows:

. n o ki(lm—lqlp) .
e IR I 2 RN , ifp=Agand m <l
o kq(Im—lglar) )
ﬁ(p7 q) = el2m 7 s , 'pr = )\q7and m > lq (46)
0, otherwise,

where Ag = [M — l]m + Mn — kyln.
Because all pilot symbols have a zero mean and an equal power of 012), the mean and the variance of

en(l+ kM) are given as follows:

meh(H_kM) = E{eh(l + kM)} = O7 (47)

and

var{en(l + kM)} op S E{ () — h(D)*},

22
= o E{||h —h||]"} = 02 M),.

17



306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

Finally, since ey, and n are statistically independent and based on , and (@, the mean and the

variance of w.(k) are calculated as follows:

mi g = Elen(k)} + E(k)} =0, (49)
and
var{ﬂ;e(k)} =var{en(k)} + var{%(k)} =02+ ath, (50)
where My, = E{||h — h)*}.
O

The aim here is to estimate the data symbol vector d from vy, 7:1, me and var~ (k)" For this purpose,

k)
we adapt the low-complexity MP algorithm proposed in [32], which is suitable for uncoded OTFS, taking
advantage of the channel sparsity in the DD domain.

Based on , and by observing that H is sparse: each row of H contains only PN, non-zero elements
and each column of H contains only PN, non-zero elements, the system is modelled as a sparsely connected
factor graph with M N N, variable nodes and M N N, observation nodes corresponding, respectively, to d

and y4. The factor graph of the MP algorithm, which consists of observation nodes and variable nodes, is

shown in Fig

[ X N
4
c, kl PC! kPNT
A 4
d(ky) oo i (kpn,) d(c)
(a) Observation node messages. (b) Variable node messages.

Figure 3: Messages in factor graph.

Thanks to the channel sparsity in the DD domain, each variable node d(c) is connected to only PN,
observation nodes {yq(k;),k; € Z.}, and each observation node y4(r) is connected to only PN; variable
nodes {d(k;),k; € Z,}, where Z. and Z, denote, respectively, the sets of non-zero indices in the c-th column

and the r-th row of .
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The application of the MAP criterion on gives:

d= argmaxp(d|yd77:t), (51)

dEANMNy
where A denote the employed finite modulation alphabet (e.g., QAM).
Problem is demanding in terms of complexity. Therefore, the following symbol by symbol MAP

criterion is used:

d(r) = argmax p(d(r) = aj|yd,7:t),

ajEA

arg ma ! (yald(r) = a;, )
= X = = Ay, 5

s e = o
~ argmax | [ p(ya(k)|d(r) = a;, H),

WGEA  peT,

forr=0: MNN; — 1.

It is worth noting that, thanks to the sparsity of the matrix ’?:L, the elements of vector y,, are almost
independent for a given d(k). It should also be noted that the entries of the vector of data symbols d
are assumed to be equally likely. Problem can be solved using the AMPA, which will be detailed
below. The message that passes to the observation node yq(c), for ¢ € Z,, from the variable node d(r), for

r=0: NMN,; — 1 is the probability mass function (pmf) given as follows

Prc = {pre(ai)|ai S A} (53)

The relationship between the r-th observation node y4(r) and the c-th variable node d(c) is given as

follows:

ya(r) = d(c)H(r,¢) + Pre, (54)

where ’1‘:1(7’, ¢) denotes the element in the r-th row and ¢-th column of ’f-l,, and ¢, is the interference-plus-noise

term expressed as follows:

Gre =y dk)H(r k) + w.(r), (55)

k€L, k#c
Using the central-limit theorem, the first term of equation is approximated by a Gaussian distri-
bution. w, (r) follows also a Gaussian distribution. Therefore, ¢, is approximated to a Gaussian random

variable.
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339 In the ¢-th iteration of the AMPA, messages containing the mean ,Afi and the variance (aﬁfg)Q of ¢r¢

s passes from the observation node yq(r) to the variable node d(c), where ¢ € Z.. The major difference
s between the versions of MP algorithm proposed in the literature [11], 2] and the AMPA proposed here lies

a2 in the calculation of u% and (01(»2)2. This difference is mainly due to the two following points:

3 e The previous versions of the MP algorithm assume perfect knowledge of CSI, i.e., the MIMO matrix
344 ‘H is perfectly known. In our case, we do not know H but we have an estimate H.

35

346 e Unlike previous versions where the interference term contains only additive noise, in our case, this
37 term is a function of additive noise n and the term e, containing the symbols of pilots and the error
8 of channel estimation —. This mixture is not present in previous versions of the MP algorithm
39 for OTFS due to the use of guard intervals between pilot symbols and data symbols, which decreases
350 the SE of the system.

351 Using the mean and variance of w, (k) that we derived in and , the mean ,u,(fg and the variance

352 (affg)Q of the interference term are given as follows:

A
—1 ~

pf= " S il V@) Hn k) +my s (56)

k€L, ktc i=1

3 and
t A 2 (t-1 ; 2 t)2 ~

(002 = Srez,ipe Sovn [l pi (@) O )P — 12 + var{w(k)}. (57)
354 The next step in the AMPA is to calculate the entries of the pmf vector PT(Q that passes as a message

35 from the variable node d(c) to the observation node y4(r). The elements of the pmf vector are calculated

36 using a damping method as in [I1]:

PP (ai) = AtV (a;) + (1 — A)plty P (as), (58)

7 where A € (0, 1] is the damping factor allowing the improvement of the convergence of the AMPA and

k) + )+ Hk, c)a;
P o H exp | — ya(k) Hie (k, c)ai ' (59)
or (t)\2
k€T k#r (Uk,c)
358 The AMPA stops if the maximum number of iteration nji., is reached or if |p£tl(az) - pﬁ’f; 1)(ai)| < €,

0 where € is a small value.
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Finally, decision on the detected data symbols is given as follows:

(i(c) = arg max pgt) (a;), (60)
a; EA

for c=0: NMN; — 1. The AMPA is summarized in Algorithm [2|

Algorithm 2 AMPA for MIMO-OTFS data detection

Require: yyq, H, ﬂ)e(k): Mg hy VAT gy Miter

Ensure: d
1: Iteration index t =0
2: The probability mass function (pmf): pg?:) = ﬁ forr=0: NMN; —1 and c € Z,

3: while ¢ < n;¢e, and |p£tz(al) - pﬁf;”(a,;)| <edo

4:  The mean ui’fl and the variance (crﬁfg)Q of the interference term ¢,. pass from the observation node

y4(r) to the variable node d(c)

5:  The pmf vector p,(fg is updated and passes as a message from the variable node d(c) to the observation

node yq(r)
6:  The distribution of the transmitted symbols d is updated
7 =t+1

8: end while

3.2. Iterative LMMSE-AMPA algorithm for channel estimation and data detection

As previously stated, since the number of paths P, delay and Doppler taps {l;, k;}i=1.p remain un-
changed for a period of time Ty, only the channel gains vector {h;};—1.p will be estimated in the frames
Fr,, Fr,, ..., Fr,. In the same way as above, we propose an iterative algorithm for channel estimation and
data detection. For channel estimation, we propose a low complexity MMSE. For data symbol detection,

the AMAP is used.
3.2.1. Data-aided channel estimation (LMMSE algorithm)
Based on the fact that yg; = ®4h,,, equation can be written as follows:
Ym = ®ghy + b, + 1. (61)

Letting @fio) the first estimate of ®,4, the equation is re-written as follows:

Y = (B, + )0y + (B0 — 2)hy + 70,
(62)
(0) (0)
=@, hm+p,,

where u&i) = (®y4— @&i))hm + m is the noise-plus-interference vector whose mean is given as follows:
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mﬁf)p =E{p}’} = Onwn,, (63)

and in the same way as (32)), its covariance matrix is derived as follows:

Cl = Bl ()

LN (64)
_ (0_ +20dz t }211) IMNNV,«'

From and based on , , the MMSE estimate of the channel vector h,, in the i-th iteration is

given as follows:

R = (@ )€ ) T e+ ) (@ )T (C ) (65)

It is worth noting that this estimator benefits from the channel sparsity in the DD domain by calculating
the inverse of a (PN, N, x PN;N,) matrix, where P < MN.

Equation requires the inversion of the matrix M = ((@ggl))H(C}(jf;}z))_li’;:l) + C’,:i) As M
is a bounded positive definite Hermitian matrix (see with a lower and upper bound PN;, we
propose a low complexity MMSE (LMMSE) by computing M ~! via the Cholesky decomposition. Algorithm

summarize the estimate of the channel vector h,, in the i-th iteration.

Algorithm 3 LMMSE algorithm for channel estimation
Require: @(i_l), (C’I(j(_,lz)) L Ch Ly,
d

m

Ensure: h{’ _ _ _
1: Compute the Hermitian bounded matrix M = (@;:1))11(0;(;(;13))_1<I>§(;1) + C’,;i
d

2: Compute the Cholesky decomposition of M = LDL"
3: Solve the system Ls; = (<I>(Z H (ij(j_lf))—lym

4: Solve the system Dsy; = s !

5: Solve the system Lfs3 = sy

6: H%) = 83

3.2.2. AMPA-aided data detection
Once the channel is estimated, the AMPA is used for data detection. The observation vector 17((;) at the

i-th iteration used for the symbol detection can be expressed as follows:

7 =y —Hp=Hd L (66)
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where ﬂ:g) =(H - ’f-t(i))p + n. In the same way as and we can easily show that the mean of the

~() . . . ;
k-th element of wél is given by mN(i)(k) = 0 and its variance is expressed as Uarm(n(k) = U?l + U%M}S”.
We We (F .

The channel estimation and data detection algorithm designed in this work is outlined in Algorithm

Algorithm 4 Channel estimation and data detection algorithm

Require: y,,, A, Niter, P4, (Cl—td)_la C;::L, frame index fp
Ensure: Ci» pa {pivifi}i:LP; {ItL’i}i:L[:’NtNT

1: while n < Niep & A5 — B Y| < € do
if fp ==1 then o X

Use the SoBaP algorithm (Algorithm : {PAliskitiy.ps {hi}ic1.pn, v, } = SoBaP (ym, A)
else

Use the LMMSE algorithm (Algorithm : {{ﬁi}i:LPN,,NT} = LMMSE (Ym, ®pa, (Cp,) " C,:nll)
end if R
Compute: yq, H,w.(k) : Mk K
8  Use the AMPA (Algorithm: d = MAP (yd,’i:t, we (k) : Mg () 00T (k))
9: end while

IR R o

var-~
we (

4. Optimal power distribution between pilots and data symbols

In the proposed scheme, the pilots and data symbols are superimposed in the same DD locations. There-
fore, the power must be optimally distributed between the pilots and data symbols to maximise the SINR.
Consequently, the maximization of SINR leads to the maximization of SE and the minimization of BER
[33]. In what follows, we will derive the SINR lower bound which will be maximised to obtain the optimal

pilot power o2

o For the sake of simplicity, we will

opt and the optimal data symbol power aﬁ’opt =1—00 opt-

consider one iteration of the proposed algorithm. Eq. can be rewritten as follows:

~

Y = Ym — (I)pilm7
= Dohu+ @ (A~ hn ) + 1,
= ®sh,+ (Ba+ ®,) (hm - iLm) +n,

= Qdi:"m + 17)6’

where w, = (®q+®,) h,, +n and h,, = (hm — fzm)
Using @, the [k, {]-th element of the received DD signal at the Rx j-th antenna can be expressed as
22]
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YOlkl) = S0 0,0 k) DOk — kylw, [0 = L] + 332 5 A (DO[Ik = Kyl [ = L]
+ POk = Kplw, 1 = Lp]ar]) +nlk, 1],

(68)
where B(ﬁjg = ﬁ%% [k,1] and B(BJ;) = (h%’% - il%?;) Bk, 1].
Equation can be rewritten as
) e - N\T . N
Vbl = dThy+ (d+p) Ryt k), )
= d"hg + [k, 1],

where v[k, 1] = (d—i—p) hs + nk,l] is the noise-plus-interference term, d € CPNex1 p e CPNex1 denote
data and pilot vectors. Their p-th element is given by D [[k — k] n, [l — L,]ar] and PO[[k — kpln, [ — L)),
respectively. The p-th element of ﬁg and izf; are the scalars ﬁg? and iL(ﬁJ ;), respectively.

Using , the SINR of the [k, ]-th symbol can be expressed as follows:

E{|d"hs |’}

SINR[k, ] = (ol 07}

(70)

The numerator of depends on the channel estimate and its denominator depends on the estimation
error. These two entities are independent because, for a linear MMSE estimator, the estimation error is
orthogonal to the observations [34] and the noise is independent of data symbols. Since E{d*d”} = a2Ipy,

and B[k, 1] is a phase factor, the numerator of can be expressed as

E{|d"hs?} = E{(hs)"E{d"d"}hs}, 1)
= RE{|lhal?},
The term E{||Am||2} = Tr(E{hp, (hm)™}) can be calculated using as follows:
Tr(E{hum (hn)"'}) = of — M, (72)

where 07 = Tr(Ch,,) = ZZ\II"NT oy and M), is the MSE of channel estimation defined in . From

and , the expression of the SINR numerator can be expressed as follows:

E{|d"hs|*} = o3(o} — M) (73)

The denominator of can be simplified as follows:
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E{fvlk, 0P} =

E{(hs)" (E{d"d"} + p"p")hs} +E{|n[k, 1},

OZE{ I} + Te(E{(hshs)"} + 5°B") + 0.

(74)

The second term of can be simplified using the following property: for two positive semi-definite

matrices X € CE*E and Y € CE*E Tr(XY) < Tr(X)Tr(Y) [35]:

Te(E{(hshs)"}p*p") < Te(E{(hshe)" })Tx(p"p") =

Using , can be simplified as follows:

E{[v[k,1]|*} < 07M}, + PNioo My, + o

By replacing and in , the SINR expression becomes

SINR > o4} =

My,)

= ;2
O'th

+ PNtO'ZQ)Mh + 0',,21.

PN;op M.

(77)

To evaluate the expression of the SINR, it is necessary to calculate the MSE M}, for the superimposed-

aided channel estimation. We show that M}, is lower bounded as

M,
Vi

. PN,N
where 72 = 3, 0 -
hg

(PN¢N,)?(02 + 2(7%03/1\0)

Proof. : For any positive definite matriz X € CK*K Tr(X~1) > Tf({;(

Tr(((®,)7(Cp,) 1@, + C,:i)’l) can be expressed as follows:

M,
h_TT

Usmg (l) and the property used in and letting 72 = Zg\l&m oé ’
h

simplified as follows:

TH( )" (Cu) ™' By + Cp ) = S R

We have, by using and

(PN, N,)?

(@)

Tr(®,)" @)

(Cp,) 1@, + C}:j,)

i

Tr((q)p)H(I)p)

= PMNN;N,o}.
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NN;N,o2 +72(02 + 20703 /N,)’

3 [35]. Using this result, M), =

~2
+Th.

(79)

the demominator of can be
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We get the desired result in (@ by substituting m then mn (@ ]

By accounting for in , and by substituting 03 =1- 012,, the SINR becomes

SINR >

ag —+ alag + a0

4
P

bo + 1)1()'127 + bgag ’

where a9 = —N2NZP%02 — 2N2N}? P20 + N,oi7fo2 + 20477, a = —N?

(82)

N2P%2 — MNN2N,Po? —

4NthQPQU%L + NTU}%%}%UTQL + 40;417:}%7 as = —20%?,% + QNENEPQU%L + MNNTQNtPO’}QN by = N;?NfPQUTQL +

ONZN2P202 4 N, 7204 42027202, by = 2027202 —AN2N2P?02+ MNN2N,Po — N3 N2P202 +2N2N3 PP+

N3NEP362 and by = —2N2N3P302 + 2N2N2P%g2.

In order to determine the optimal pilot power, the first step is to differentiate the lower bound of SINR,

and set the resulting equation equal to zero. Once this equation has been solved, the optimal pilot power

can be obtained as

2 _
Ip,opt = ‘

—b+ Vb? — dac

2a

b

where a = byas — baay, b = 2bgas — 2bsag and ¢ = bpa; — byag.

5. Complexity analysis

(83)

We will focus on the most complex term for each operation. For the sake of simplicity, we assume that

Nt =N, = N,.

The complexity of the proposed technique contains two terms. The first one concerns the channel esti-

mation, named C.., while the second one concerns the data detection, named Cyq. Therefore, the overall

complexity of the proposed algorithm is C' = C,e + Cyq.

The complexity of one iteration of the detection algorithm requires the computation of 7 , ,
and . Each of 7 , and has a complexity of O(M N N,P|Al). In addition, the complexity of
is O(MNN,4|Al). So, the overall complexity of the data detection algorithm is dominated by Cyq =

O(n(dd) MNN,P|A|), where n*) is the number of iteration required to the convergence of the data detection

iter iter

algorithm.

For the channel estimation step, we have two proposed algorithms. For the SoBaP algorithm, the most

complex operation per iteration is the update (A.9)), which is O(M NLN2). Therefore, the overall complexity

for the SoBaP algorithm is dominated by CC(SObap ) = O(n

required to the convergence of the SoBaP algorithm.

26

(ce)

iter

MNLN2), where n

Etcfz is the number of iteration
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The LMMSE algorithm, is divided into five steps. The first one is the computation of the Hermitian
bounded matrix M = (@;idfl))H(ijf;f))_1@22;1) +C’,;i, its computational cost is 1 (Q*+3Q +2) R, where
Q = N,P and R = PN?2. The second step is the Cholesky decomposition, which requires %(QQ +3Q)R
operation. The third and the fifth steps can be solved by band forward and backward substitutions and
each of them require QR operation. Th forth step, which consists in solving a diagonal system requires

R operation. Therefore, the overall complexity of the the proposed LMMSE algorithm is dominated by

Cc(lemmse) = O(N2P?). Finally, the complexity of the channel estimation step of the proposed algorithm

Crgter (N —1Chrme

is an average between the complexity of SoBaP and LMMSE,; it is given as C., = N7

Ni—1)No P34n{°) MNL) A
O(( F—)NaP°+ni 00 )NS)~

Ny
It should be noted that (Ny — )N, P? <« ngng N L in practice, this means that the complexity of the
(ce)
channel estimation step reduced to C,. = O(%NS)

Table [2] summarizes the complexity of the proposed channel estimation algorithm and that of each of the
state-of-the-art methods listed in this paper.

Table 2: Computational complexities of the proposed and existing channel estimation methods.

Scheme Computational complexity
EP [25] O(NI;N,)
BSBL-BR [18] O(Niter N2LK?)
RG-OMP [17] (’)(M?’Ng’)
RG-BL [17] O(G3N2)

nCIMNL
SoBaP-LMMSE-AMPA O(”e}'\,ifof)

Note that K = (2k, +2Q + 1)(l; + 1) and G = (M, + 1)(G, + 1). We note also C,, the complexity of
the method m and we compare the complexities of all the methods.

It is clear that the EP is the least complex of all the methods considered here because its complexity
varies linearly with N. It is also clear that RG-OMP is the most complex due to the M? factor in the
expression of its complexity.

Since k, < N, < N, 1. < M; < M, N, < G,, and N, =~ 10 in practice, we have N, LK? < G°,
which leads to Cgspr-Br < CrG-BL-

(ce)

iter

(ce)

Since n;,,, =~ 10, we can also easily check that n;,,.

CgsBL-Br- We can conclude that Cgp < Csopar-LMMsE-aMPA < CBsBL-BR < Cra-BL < CrG-OMP-
6. Simulation results

In this section, we first evaluate the performance of the proposed algorithm in terms of NMSE, BER and

SE. Then, we compare obtained results against four state-of-the-art methods: EP (pilot type-1), BSBL-BR

27

MNL/Ny < Niter LK?, 50, we have C8oBap-LMMSE-AMPA <



wr (pilot type-2), RG-OMP and RG-BL (pilot type-3).

ws  0.1. Simulation setting
469 The simulation parameters are given in Table

Table 3: Simulation parameters.

Parameter Value Parameter Value

fe 4GHz | Af 15 kHz

(Nv M) (16’16) (Nter) (272)

te 541 us | T 1 ms
Modulation ’BPSK’ | (W, W,.) ‘rectangular’

470 For the channel delay model, we use a 5-tap DD model whose parameters are given in Table @l Each
m  delay tap owns a single Doppler shift in the form vg = vy, cos(0y), where vp,q, is the maximum Doppler
> shift of the channel and 0 ~ U ). The maximum delay tap I, = 4 and the maximum Doppler tap k, = 2
a3 correspond to a high mobility scenario with a maximum relative speed v = 500 km/h.

Table 4: Power delay profile [22].

Path no. 1 2 3 4 )

delay (us) 2.08 520 833 1146 20.8

Path power (dB) 1 -1.80 -3.57 -5.38 -8.86
a7 The NMSE expression used in this work is given as follows:

. 2
H
NMSE =1 — <M> . (84)
[kl ][Rl

ats We assume that each location in the DD grid has a power of 02. The total power of each OTFS frame

w6 is MNo2. Thus, by taking 02 = 02 + O’% = 1, the total power for each OTFS frame is fixed to M N. For a
a7 fair comparison with the state-of-the-art schemes, this total power must remain the same for each scheme.
ws  For the EP scheme [25], due to the insertion of guard intervals between the pilots and data symbols, all the

4

e
©

power that is assigned to the guard interval positions must be assigned to the pilots and data symbols, i.e.,

2 2 _ MN

480 O, = O’d = 7MN+N,,—L,,

p . Therefore, we have a total power per frame of Ntag + (MN — L,)o% = MN. For

1 BSBL-BR method [18], there is no guard intervals between the L pilots and the M N — L data symbols.
w2 Thus, by taking JZ = 0% = 1, we have a total power per frame of agL +0%(MN — L) = MN. For RG-OMP
s and RG-BL methods [I7], in each frame, M N, symbols are pilots in a block of M (N + N,) symbols. By

w  taking o2 =03 = %NP, we have a total power per frame of MNoj + MN,02 = MN.

4

%
a

Table [5| presents a summary of the optimal pilot power o2

».opt for various SNR values, as calculated using
;

w5 the expression derived in equation . It is evident from the table that, based on the given simulation
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parameters, the average optimal pilot power is approximately 0.3. To maximize the SE and minimize the
BER of the proposed superimposed-aided design, it is recommended to allocate 30% of the total power to
pilots and 70% to data, which is also confirmed by numerical verification.

Table 5: Optimal pilot power with P =5 and M = N = 16.

SNR (dB) 0 5 10 15 20
T2 oot 0.2520 0.2995 0.3135 0.3178 0.3101

6.2. Stationarity of the channel

The channel used here is a doubly-underspread (DU) channel. For this type of channels, the delay and
Doppler taps {l;, k;}i;=1.p remain practically constant over a period of time. Here, we first check that the
channel used is indeed DU. Then, we look for the number of frames Ny for which the delay and Doppler
taps {l;, k; }i=1.p remain almost constant.

It is shown in [28] that a DU channel satisfies the following condition: Avp,aeATmar < VimasTmaz << 1.
AVpaz = 2Vmaz sin(d/2) is the maximum Doppler correlation lag where § denotes the maximum angular
spread of the scatters. A7,,q, = w/c is the maximum delay correlation lag where w denotes the maximum
spatial extension. In our case, vy, = 1850 Hz and 7,4, = 20.8 ps, thus vpazTmaee = 0.03848. Letting
§=3°and w =30 m [28], Avinae = 96.9 Hz and ATpae = 0.1 ps, thus, ATpaeATmaez = 9.69 1077, Finally,
we see that Avmae ATmazr <K VmazTmaz << 1. Therefore, the channel used here is a DU channel.

We have Ny = T /T, where T is the frame duration given as T'= N/Af and T denotes the duration for
which {l;, k; };=1.p remain practically constant. This duration is computed as Ts = 1/Av,q,. In our case,
T, =10.3 ms, and T' = 1 ms, so, Ny = 10. It is worth noting that, for constant N, Af and §, the number

of frames Ny is proportional to vy, Thus, for speeds below 500 km/h, Ny increases.

6.3. Influence of the power of pilots on BER performance

The power allocated to the pilots influences the performance of the system. We investigate the variation
of the BER as a function of the power of the pilots 0'3. Fig 4| shows the variation of the BER of the proposed
algorithm by varying the power of the pilots in the interval [0.1;0.9] for SNR = 5, 10, 15 dB.

We observe that, for the three SNR values, the minimum BER is reached at 012, = ag’opt ~ 30%. The

degradation of the BER performance away from aprt is due to the following two factors: If ag < o? the

p,opt?
2

degradation is due to a poor channel estimation and if o, ,,

;< 012), this degradation is due to the reduced

2

data power since we have set 03 =1-o0,.

29



107"
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=8 SoBaP-LMMSE-AMPA (SNR = 5 dB)
=& SoBaP-LMMSE-AMPA (SNR = 10 dB)
== SoBaP-LMMSE-AMPA (SNR = 15 dB)

BER

10-8 Il Il Il Il Il Il Il
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Pilot power (ai)

Figure 4: BER versus pilot power performance for the proposed algorithm with Ny = N,, =2, N = M = 16 and SNR = 5, 10,
15 dB.

513 We now investigate in Fig[5]the BER of the proposed scheme, for different pilot powers. We observe from
s this figure that the proposed scheme exhibits the lowest BER when the optimal power allocation is used.

sis ' This confirms the optimal pilot power which is calculated analytically in section [4] and shown in Table

10° x x
—— SoBaP-LMMSE-AMPA (as =0.1)
——pp— SoBaP-LMMSE-AMPA (as =0.4)
= ® =SoBaP-LMMSE-AMPA (02 )
10-2 p,opt 4
o
L -4 L
10
108 ¢
1078
0

SNR (dB)

Figure 5: Effect of pilot power on the BER of the proposed scheme with Ny = N, =2, N = M = 16.
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6.4. Convergence of the SoBaP-LMMSE-AMPA algorithm

Fig [6] shows the BER performance of the proposed SoBaP-LMMSE-AMPA algorithm versus the number
of iterations with SNR = 5, 15 dB, 07 = 07 ,,+ dB, and BPSK modulation. From Fig@ it can be seen that,
for both SNR values, the BER decreases with increasing number of iterations, and it saturates after about 5
or 6 iterations. The convergence and the effectiveness of the proposed SoBaP-LMMSE-AMPA algorithm are
confirmed by the steady states reached by the two curves of the BER after a few iterations. It can be also

observed that, as expected, the scenario with higher SNR exhibits superior convergence speed and detection

accuracy.

T T T T T T

—@— SoBaP-LMMSE-AMPA (SNR = 5 dB)
—P— S0BaP-LMMSE-AMPA (SNR = 15 dB)

100

10-8 1 1 1 1 1 1

SoBaP-LMMSE-AMPA iterations

Figure 6: BER performance of the SoBaP-LMMSE-AMPA algorithm versus the number of iterations with Ny = N, = 2,
N =M =16, 05 =02 ,,, and SNR = 5, 15 dB.

6.5. Channel NMSE performance

We now investigate the variation of NMSE as a function of SNR. Fig [7] shows a comparison in terms
of NMSE between the proposed algorithm and EP [25], BSBSL-BR [1§], and RG-OMP and RG-BL [I7]
methods.

From Fig[7] we observe that the proposed algorithm has the lowest NMSE value compared to the other
methods, it exceeds the RG-BL, which is the best performing state-of-the-art method, by about 5 dB at

SNR =10 dB. The EP method is most affected by noise owing to the threshold method.
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Figure 7: NMSE versus SNR performance for the MIMO-OTFS system with Ny = N, =2, N = M = 16, and 012, = Ug,opt'

6.6. BER performance evaluation
We now investigate the variation of BER as a function of SNR. Fig [§] shows the BER over SNR perfor-
mance of the proposed algorithm and EP [25], BSBSL-BR [I8], and RG-OMP and RG-BL [17] methods.
From Fig [8] we observe that the EP and the BSBL-BR methods perform almost similarly. We also
observe that the proposed algorithm outperforms all the other methods. It exceeds the RG-BL method by

about 3 dB at BER = 10~4.

6.7. SE performance evaluation

We now investigate the average SE as a function of SNR. The SE expression of a scheme s is given as

follows [22]:

Rs = (1 —ns)logy(1 + SINRs), (85)

where s = EP, BSBL-BR, RG-OMP, RG-BL, SoBaP-LMMSE-AMPA, 7, denotes the pilot overhead related
to the scheme s.

The pilot overhead 7, is calculated using the frame-structure for the scheme s. The SINR expressions
for all the schemes are derived in the same way as in [22]. Table |§| shows the expressions of SINR; and 75

for each scheme s.
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Table 6: Expressions of SINRs and 7s.

Scheme (s) s SINR

L (o2 —M, L, )og
EP [25] MY obioithine

I3 (05, —Mh,BSBL-BR)C
BSBL-BR [18] MN o'g-‘ro'th,BSBL—BRd
RG-OMP [17] N, (07 —Mn rG-oMP)T4

Np+N U§,+U§Mh,RG-OI\/éP

N, (¢,—Mp,rG-BL)O
RG-BL [17] N,+N U%+U§M}L,RG»BLd
SoBaP-LMMSE-AMPA 0 e

02402 opt Mh,Ps+05 ot PNt Mh,ps

where L, = (4k, + 1)(N¢l- + 1 + N;), N, is the number of pilots along time-axis for the RG-OMP and
RG-BL schemes and Mj, ; is the channel MSE of scheme s.

Fig [0 shows the average SE comparison between the proposed scheme and the EP, BSBL-BR, RG-OMP,
and RG-BL schemes for N = M = 16 and for different values of I, and k,. It is not surprising to see from
this figure that the SE of all the methods increases as the SNR increases. It is important to note that the
SE of the proposed scheme exhibits a significant increase compared to that of the EP design regardless of
the values of [, and k,. We observe from this figure that as I, and/or k, increase, the SE of all state-of-
the-art schemes degrades. This is because the pilot overhead of these schemes increases with [, and k,. The
proposed designs, in contrast, avoid this pilot overhead. We also see that for [, = 4 and k, = 1, the SE of the
proposed scheme is close to those of BSBL-BR, RG-OMP, and RG-BL schemes, because the pilot overhead

decrease with I, and/or k,.
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Figure 9: SE versus SNR performance for the MIMO-OTFS system with Ny = N,, =2 and N = M = 16.

7. Conclusion

In this manuscript, we have proposed an iterative algorithm for channel estimation and data detection
in the delay-Doppler domain for MIMO-OTFS systems that we have named SoBaP-LMMSE-AMPA. To
improve the spectral efficiency of the system, we adopted a superimposed pilot pattern. The proposed
algorithm iterates between message passing-aided data detection and data-aided channel estimation. For
the channel estimation step, two algorithms have been proposed. The first one consists in estimating all the
parameters of the channel, including the number of channel paths, delay taps, Doppler taps, and channel
gains via mean-field approximation and the so-called VB-EM algorithm. The second one is based on LMMSE
combined with Cholesky decomposition. This second solution is only used to estimate the channel gains when
the delay and Doppler taps remain unchanged. For data detection, we adapted the MP algorithm to our
context. We have also derived a lower bound on the signal-to-interference-plus-noise ratio of the proposed
scheme, and maximized it by optimally allocating power between pilots and data symbols. The proposed
algorithm has been compared to four state-of-the-art methods, including a recognized MP method, and
three recent solutions (BSBL-BR, RG-OMP and RG-BL). Complexity analysis and simulation results have
shown that the proposed algorithm achieves a good compromise with the state-of-the-art methods in terms

of computation complexity and performs significantly better in terms of NMSE, BER, and SE.
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sz Appendix A. Calculation of the mean field approximation

573 The methodology called Mean Field (MF) approximation is adopted here to compute an approximation
ste q(s;) of the posterior probability p(s;|ym). The MF approximation [36, B7] of p(8|y,,), where 6 = (s, ¢) and

sis p(0|yrm) its posterior distribution, is the surrogate distribution ¢*(0) which satisfies

¢*(8) = arg min { /0 4(0) log <q(9)> dO} , (A1)

a(6) p(6lym)
subject to
K
0(0) =TI a(6k), [ a(6k)d0r =1 Vke[l,K]. (A-2)
k=1 oy,
576 Successive minimizations of the Kullback-Leibler divergence [38] with respect to the parameters of factors

s q(0;) can solve the problem (A.1)), (A.2) [39]. The procedure given in [36] named VB-EM algorithm [40-42],
ss s ensured to converge to a saddle point or a (local or global) maximum of problem (A.1)), (A.2)) under mild
so - conditions [30].

To approximate the marginals p(0;|y,,), the MF approximations offer a good framework. Indeed,

pOilym) = Jo_ , p(Blym)do_;,
~  [fo . q(0lym)do_;, (A.3)

1

so0 where the last equality stems from (A.2)).
581 Here, we consider the particular case where the MF approximation g(c, s) of p(c, s|y.,) simply writes

sz (e, s) =[], q(ci, si). Together with models , , the corresponding VB-EM update is given as follows:

q(ci, 8ilym) = q(cilsi, Ym)q(5i|Yym), (A4)
583 where
q(cilsi, ym) = N(m(si), X(s1)) (A.5)
o(silyn) Ve (5500 ) o) (A0
584 and
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O'CZ_O'

Y(silym) = —F——, A7
(shum) = oo (A7)
: T

bilym) = si————2——1; A, A.8

m( ‘y ) S 02+3i03iAZAir ( )

ri=ym— > _q(si =1)m(s; = 1)A,, (A.9)

1#i
From (A.3), an approximation of p(sk|yy,) derive easily from the following relationship:

) = [ ateissilgm)ics = ats). (A10)

Appendix B. Analysis for positive definiteness of matrix M

Let the matrix X € CK*¥ It is said to be positive definite if it satisfies the following property: For any
non-zero vector z € CX,| 2 X z is a strictly positive real number [43].

The matrix M is given by M = ((®,4)7(Cp,) ' ®pa + C’,;i) , where Cp, = Munn,, with X is

a positive number given by A = (U + 20‘1 ZPNtN U%LJ and Cp,, = diag{o}, 07 .. O'hPN . }. For all
non-zero z € CPNeNrX1 e have
Mz = 2H(@,0)7(Cpu,) '@l Y + Rl )z,
~1
= 2H ®, ) (Mynn, )~ P dz+zH (diag{o’ﬁﬂgiz’""O’fQLPNtNT}> z,
= 2@ @z + I S (B.1)

= H(@pu2) 1 Ppaz + SN B

1
PN¢N, |z;
= 31@pazl® + AN BE

We have 1||®,q2]> + ZPNtN |z1| > 0, which means that M is a positive definite matrix.
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