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Abstract

Space division multiplexing (SDM) is a potential candidate to increase the capacity of the conventional single mode fiber based
transmission systems. Several multi-core fiber (MCF) structures have been proposed, each one is impaired by different core depen-
dent loss (CDL) resulting from the fiber structure, crosstalk, splicing in the optical fiber link and inline components. One of the
solutions to mitigate the CDL is the core scrambling. In this paper, we introduce three deterministic core scrambling strategies for
different MCFs. The strategies show their efficiency to reduce the CDL compared to the random scrambling. Moreover, in order to
estimate the CDL level and predict the system performance for any MCF structure, we propose a theoretical channel model depends
on the system configuration and the number of core scrambling installed in the transmission link. Lastly, the optimal deterministic
core scrambler is obtained for further reduction of the scramblers number.

Keywords: Fiber optics communications, MIMO, space division multiplexing

1. Introduction
The exponential growth in the demand for network band-

width results to find alternative solutions in order to replace
the conventional optical fiber that reached the fundamental
Shannon limit. The space is the remaining degree of free-
dom to increase the data carrying capacity of single mode op-
tical fiber [1]. The space division multiplexing (SDM) is ap-
proached through: (i) multi-mode fiber (MMF), utilizes more
than one linearly polarized (LP) modes in single core by enlarg-
ing the fiber core diameter, (ii) multi-core fiber (MCF), several
cores coexist in the same cladding where each core carries sin-
gle mode and (iii) multi-core multi-mode fiber (Dense-SDM),
where each core in MCF carries more than one mode [2]. The
orthogonal spatial channels in each path can carry independent
data streams and being compatible with the system component
such as: optical amplifier and wavelength selective switches
(WSSs) [3]. In this paper, we focus on studying the MCF trans-
mission systems since the MMF has intensively investigated
previously in [4] [5] [6].

The multiplexing capability induces major challenge which
is the crosstalk between the different cores. The coupling be-
tween the cores is inversely proportional to the core pitch.
Thus, several MCF structures have been manufactured to ad-
dress either high number of core multiplexing or low croostalk
level [7] [8] [9]. Moreover, the misalignment losses difference
between the cores is considered as significant problem limits
the system performance. These effects induce the core depen-
dent loss (CDL) as a result of having different losses. The CDL
is a non-unitary effect impairing the transmission system, sim-
ilar to the polarization dependent loss (PDL) on the polariza-
tion multiplexing (PolMux) and mode dependent loss (MDL)
on multi-mode fiber (MMF) [10] [11].

The performance of the CDL-impaired MCF system is opti-
mized by applying the maximum-likelihood (ML) detection [6].
In our work, we use the sphere decoder (SD) as ML decoder so-
lution to avoid huge complexity of exhaustive search ML detec-
tion [12]. In our previous work [13], the CDL mitigation in long
haul optical links can be done by applying the core scrambling
that averages the accumulated losses. However, the random
core scrambling technique has been proposed in order to miti-
gate the CDL and enhance the system performance at the cost
of installing large number of random scramblers. Therefore,
we introduce deterministic core scrambling strategy for differ-
ent MCF structures. We show that the deterministic scrambling
outperforms the random scrambling by reducing the CDL level
and the installed scramblers in the link. In addition, we obtain
the optimal number of deterministic core scramblers to obtain
the minimum CDL value that cane achieved in each structure
with fewest number of scramblers.

The transmission system configuration and the MCF geomet-
rical structure determine the CDL level. Thus, obtaining a theo-
retical channel model which is compatible with these variables
is necessary to predict the system performance. In this paper,
we propose MCF channel model considering both crosstalk and
misalignment loss level. The theoretical MCF channel model is
function of the transmission system configurations and MCF
parameters such as: core reflective index, crosstalk, the number
of the splices and the number of core scramblers. Based on the
channel model, we prove that the CDL has a Gaussian distribu-
tion and estimate the mean value of the CDL. In industry, the
theoretical channel model is an important tool in order to guide
the MCF system manufacturing by setting all the parameters
before beging the production.

In the remainder, Section. 2 introduces the considered MCF
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structures which will be evaluated in our work. Section. 3 de-
rives the theoretical channel model of the MCF fiber taking into
account the crosstalk and the misalignment level in the system.
Section. 4 evaluates the deterministic core scrambling strate-
gies. Then, we obtain as well the theoretical channel model for
the system with scrambling. In addition, we provide the optimal
number of the deterministic core scramblers. Finally, Section. 5
concludes the paper.

2. MCF structures

The MCF is manufactured by using either homogeneous or
heterogeneous cores. The coupling between the homogeneous
cores is highly affected by the core pitch and the bending radius
thus increasing the number of cores is a challenge in this case.
In the heterogeneous cores, the propagation constant mismatch
between the cores reduces the coupling effect which allows high
core multiplexing. Moreover, the trench assistance is an addi-
tional technique that provides power confinement in each core
so decreasing the coupling factor. In this work, we are inter-
ested in the most commonly used structures according to the
literature. As shown in Fig.1, the considered MCFs are: (A)
7-core Heterogeneous MCF (7-core Hetero-MCF) [14], (B) 7-
core Heterogeneous MCF with Trench Assisted (7-core Hetero-
TA-MCF) [14] [15], (C) 12-core Heterogeneous MCF (12-
core Hetero-MCF) [16], (D) 12-core Heterogeneous MCF with
Trench Assisted (12-core Hetero-TA-MCF) [16], (E) 19-core
Heterogeneous MCF (19-core Hetero-MCF) [17], (F) 19-core
Homogeneous MCF (19-core Homo-MCF) [18] and (H) 32-
core Heterogeneous MCF (32-core Hetero-MCF) [19]. We can
classify the structures depending on the core coupling where it
is high in structures A, C and F and low in B, D, E and H. In
the other side, the structures can be categorized according to the
number of different type of cores in the fiber. In A, B and E the
fibers contain three type of cores while C, D and H the fibers
are constructed by selecting two type of cores. Lastly, structure
F is the only fiber that contains homogeneous cores. Fig.2 illus-
trates the core index profile with and without trench assistance.
The core radius, the distance between the core center and the
inner edge of the trench and the distance between the core cen-
ter are a1, a2 and a3, respectively. Wtr is the trench thickness.
n0 the refractive indices for the the 1st and 2nd cladding. ∆1 is
the relative refractive index differences between the core and
1st cladding and ∆2 is the relative refractive index differences
between trench and 2nd cladding. The cladding diameter in the
{7, 12}-core MCF (CD1) is equal to 125µm while in the 19-core
MCF the cladding diameter (CD2) is equal to 210µm and (CD3)
is equal to 243µ in the 32-core MCF. Finally, the core parame-
ters which have been considered for each layout are illustrated
in Table.1.

3. Multi-Core Fiber Transmission System

3.1. System Model

The non-linearity related to Kerr effects is not considered
supposing a limited transmission power which does not allow

reaching the non-linearity. Also, the deferential mode delay is
not consider since it doesn’t affect the capacity of the system
and it can be perfectly mitigated by using Time Domain Equal-
izer or Frequency Domain Equalizer as it was done in [10]. In
this section, we focus on the most challenging impairments that
include core crosstalk, misalignment losses as well as the core
dependent loss. We define and simulate a channel model of
CDL-impaired transmission system.

3.1.1. Crosstalk Channel Matrix
The coexist of the cores in the same cladding allows the en-

ergy to be transferred between the cores. The linear crosstalk
between core n and core m (XTn,m) can be estimated based on
the coupled-mode theory (CMT) or the coupled-power theory
(CPT) [20]. However, the CPT has more accurate estimation
by taking into account the fluctuation in the propagation con-
stant. The crosstalk for homogeneous and heterogeneous cores
are estimated by Eq.1 and Eq.2 [21], respectively. β and ∆β
are the propagation constant and the difference between the
two cores. knm is the coupling coefficient. d, L and Λ are re-
spectively the correlation length, the fiber length and the core
pitch. However, the coupling between the heterogeneous cores
is gradually decreased when the bending radius Rb is greater
than the radius of the crosstalk peak level Rpk (Rb > Rpk), where
Rpk =

ne f f

∆ne f f
Λ [15]. ne f f and ∆ne f f are the effective refractive

index and the difference between two cores. In this case, Eq.2
is valid and the crosstalk becomes independent of the bending
radius which gives the advantage of applying the heterogeneous
MCF aiming to increase the number of cores.

XTn,m =
2k2

nmRb

β2Λ
L (1) XTn,m =

2k2
nm

∆β2d
L (2)

For MCF with c number of cores, the crosstalk channel ma-
trix HXT is given as:

HXT =


XT1 XT1,2 · · · XT1,c

XT2,1
. . . XT2,c

...
. . .

...
XTc,1 XTc,2 · · · XTc


where XTi = 1 − Σn,mXTn,m.

3.1.2. Misalignment Losses Channel Matrix
Each core in the MCF is affected by different misalignment

losses due to the imperfection at the splices, the connectors,
the Fan-{In/out} devices and the fluctuation of the core posi-
tions [22] [23] [24]. There are three types of misalignment in
single mode fiber: (i) longitudinal misalignment, (ii) transverse
misalignment and (iii) angular misalignment [23]. In this work,
we consider the transverse misalignment loss (α) since it has
been proved that it has the main factor effecting the transmis-
sion system [25]:

α = exp(−br2
d), rd =

√
d2

x + d2
y , b =

2
w2

1 + w2
2

(3)
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Figure 1: MCF structures, the cladding diameter CD1 = 125µm, CD2 = 210µm and CD3 = 243µm, core pitch Λ1 = 24µm , Λ2 = 33µm, Λ3 = 40µm and Λ4 = 33µm,
D1 < D2.

Figure 2: Core index profile

core 1 2 3 4 5 6 7
a1[µm] 4.68 4.76 4.68 4.76 4.68 4.68 4.5
a2/a1 - - 1.7 1.7 - 1.7 -
Wtr /a1 - - 1 1 - 1 -

n0 1.45 1.45 1.45 1.45 1.45 1.45 1.45
∆1[%] 0.388 0.338 0.388 0.338 0.305 0.305 0.335
∆2[%] - - 0.7 0.7 − 0.7 -

Table 1: Core parameters

w1 and w2 are the fiber mode fields radius before and after the
splicing, respectively. rd is the transverse displacement of the
fiber in the x and y directions.

The misalignment channel matrix M for MCF single mode
can be expressed as a diagonal matrix containing different loss
values (diag(α1, ..., αc)). We assume the misalignment loss val-
ues as Gaussian random variables of zero mean and standard
deviation (σx,y) equal to {%a1} where a1 is the fiber core radius.
Moreover, the cores endure different losses during the transmis-
sion and the gap increases by using heterogeneous cores spa-
tially in long-haul transmission system.

3.1.3. Fiber model and Core Dependent Loss
Considering single mode with single polarization in each

core for MCF structures, The resulting MIMO channel model
is given by:

Y = H.X + N =
√

L
K∏

k=1

((HXT)kMk).X + N (4)

where X and Y are respectively the emitted and the received
vectors. H is the channel matrix which is a concatenation of

K fiber sections, each span is equivalent to the multiplication
of the crosstalk channel matrix and the misalignment channel
matrix. L = c∑c

i=1 λi
is a normalization factor used to compen-

sate the link loss such that Tr(HHH) = c (with Tr(.) repre-
sent the trace of a matrix operator). Finally, N is an Additive
White Gaussian Noise with zero mean and variance N0. In
fact, the non-whiteness noise can be neglected in the case of
the strong core coupling [18], However, in our model the white
noise will be considered for all the coupling levels as it was
done in [12] [26] [27] [28]. At the receiver side, the signals
are detected by using the sphere decoder (SD). The CDL limits
the transmission capacity of SDM system unlike the dispersive
effects. In MIMO channel system, the CDL breaks the orthog-
onality of the parallel data streams which makes more difficult
to retrieve the data at the receiver side. Therefore, keeping the
CDL value as low as possible in the transmission link is im-
portant to obtain a channel close to the AWGN channel and re-
duce the decoding complexity at the receiver side. However, the
CDL is defined as the ratio between the maximum eigenvalue
(λmax) and the minimum eigenvalue (λmin) of HHH in decibel
where HH is the conjugate transpose of MCF channel model H

3



Figure 3: PDF of the CDL distribution for: (a) 7-core Hetero-MCF and (b)
7-core Hetero-TA-MCF with σx,y = {3%,5%,7%}a1

Figure 4: PDF of the CDL distribution for: (a) 19-core Hetero-MCF and (b)
19-core Homo-MCF with σx,y = {3%,5%,7%}a1

as:
CDLdB = 10 log10

(
λmax

λmin

)
(5)

3.2. System Performance
In order to investigate the crosstalk and the misalignment ef-

fect on the CDL level, we simulate 105 channel realizations of
several MCFs where K = 300 misaligned fiber sections with
σx,y = {3%,5%,7%}a1. Fig.[3,4], illustrate the PDF function
of the CDL. In Fig.3, we compare between the 7-core Hetero-
MCF and Hetero-TA-MCF where the crosstalk has been de-
creased by applying the trench assistance. We observe that the
CDL level is directly proportional to the misalignment offset
and the crosstalk level. Moreover, in Fig.4 we compare the
19-core Hetero-MCF and Homo-MCF. We notice that the ho-
mogeneous cores can be solution to reduce the CDL from 8dB
to 5dB but at the cost of increasing the core pitch so enlarge
the cladding diameter. The heterogeneous cores has increasing
impact on the CDL since it forces the signals to follow different
paths despite decreasing the core coupling spatially for long-
haul transmission systems. Thus, applying heterogeneous or
homogeneous cores doesn’t necessary determine the CDL level
caused by the losses induced in the system.

Further, we plot the bit error rate (BER) versus the signal
to noise ratio S NR=10log10(Eb/2N0) for different CDL values
corresponding to σx,y ={3%, 7%}a1. A 16-QAM modulation
is used at the transmitter and sphere decoder (SD) is used at the
receiver side. In Fig.5(a), we show the performance of struc-
ture A. We observe SNR penalty equal to 1.5dB at BER = 10−3

with CDL = 7.2dB compared to the Gaussian channel (CDL=

(a) 7-core Hetero-MCF

(b) 12-core Hetero-MCF

Figure 5: BER performance: (a) 7-core Hetero-MCF and (b) 12-core
Hetero-MCF, with 3%a1 misalignment level (red curve) and 7%a1 mis-
alignment level (blue curve).

0) and 2.5dB penalty with CDL = 8.3dB. Moreover, we eval-
uate the performance of configuration C as shown in Fig.5(b).
We notice that the system performance with CDL value equal
to 1dB has SNR penalty = 0.1dB at BER = 10−3 and the penalty
increases to 2dB with CDL = 4.6dB. Finally, we plot the aver-
age capacity as in [10] for the 7-core Hetero-MCF and 19-core
Hetero-MCF versus the S NR. In Fig.6, we observe that the ca-
pacity of the system increases with the increasing number of
cores. Also, we notice the effect of the misalignment which in-
duces more CDL in the system so decrease the system capacity.

3.3. Theoretical Channel Model
In the previous section, we have shown the CDL impact on

the MCF system performance. The transmission system config-
uration and the MCF structure determine the CDL level. Thus,
deriving theoretical channel model as a tool to estimate the
CDL for all MCF systems is required. In this section, we aim to
model the MCF channel H theoretically by using the singular
value decomposition as: H = UΣVH, where U and VH are ran-
dom unitary matrices and Σ is a diagonal matrix with singular

4



Figure 6: The average capacity versus the S NR for: the 7-core Hetero-MCF
and 19-core Hetero-MCF with σx,y = {3%,7%}a1 and K = 300

value elements λi.

The equivalent channel matrix H is a concatenation of each
section as:

H = (HXT )1M1︸      ︷︷      ︸
H1

(HXT )2M2︸      ︷︷      ︸
H2

... (HXT )KHK︸       ︷︷       ︸
HK

(6)

By applying the QR decomposition (see Appendix Appendix
A) starting from the last section (HK). Then, we apply the QR
decomposition on the previous section HK−1 after multiplying
by the orthogonal matrix QK :

H = H1 H2...HK−1 HK︸︷︷︸
QK RK

= H1 H2...HK−1QK︸    ︷︷    ︸
QK−1RK−1

RK
(7)

The multiplication of the unitary matrix Q doesn’t change the
value of the upper triangular of each Rk, k ∈ [1,..,K]. Finally, we
continue the process until reaching Q1 which is the equivalent
unitary matrix of the product:

H = Q1 R1R2...RK (8)

where the diagonal value of each Rk approximately can be
given as:

ri = αk
i

√
XT 2

i + Σc
j=1XT 2

i, j (9)

The singular values of the equivalent channel H are equal to the
diagonal values of the product of Rk given that Q is a unitary
matrix. Hence, the singular values are equal to:

λi =

K∏
k=1

rk
i =

K∏
k=1

(αk
i

√
XT 2

i + Σc
j=1XT 2

i, j) (10)

Based on the singular values distribution behaviour, obtaining
the CDL differs from heterogeneous MCF and homogeneous
MCF. Thus, The following explains in details the CDL deriva-
tion for both cases.

3.3.1. Heterogeneous MCF
For simplification, the summation of the crosstalk squared

(Σc
j=1XT 2

i, j) can be neglected since it has been noticed that the
values are very small compared to XT 2

i . Therefore, the singular
values are expressed as:

λi = (XTi)K
K∏

k=1

αk
i (11)

(XTi)K and αi,total =
∏K

k=1 α
k
i are respectively the total crosstalk

and the total misalignment losses of core i at the end of the link
where:

αi,total =

K∏
k=1

αk
i = exp(Z), Z =

K∑
k=1

−b(dx2
k,i + dy2

k,i) (12)

dx2
k,i and dy2

k,i are Chi-squared distributed with 1 degree of free-
dom ∼ σ2

x,y χ̃
2
1. So, dx2

k,i and dy2
k,i have mean σ2

x,y and variance
2σ4

x,y. For high number of sections K, we can apply the Central
Limit Theorem (CLT) on Z. This leads to set that Z is nor-
mally distributed with mean µz = −2Kbσ2

x,y and variance σ2
z =

4Kb2σ4
x,y.

As Z is normally distributed, αi,total = exp(Z) has a lognormal
distribution with parameters:

µαi,total = exp(µz + σ2
z/2) = exp(2Kbi(biσ

4
(x,y)i
− σ2

(x,y)i
)) (13)

σ2
αi,total

= (exp(σ2
z )−1)∗µ2

αi
= (exp(4Kb2

i σ
4
(x,y)i

)−1)∗µ2
αi

(14)

thus λi is lognormally distributed with mean (XTi)Kµαi,total and
variance (XTi)2Kσ2

αi,total
.

Obtaining the singular values distribution for each core al-
lows to estimate the CDL value theoretically. Applying Eq.13
and Eq.14 to determine each of the maximum and the minimum
eigenvalue (λmax,λmin). Thus, the CDL has a Gaussian distribu-
tion N(µCDL, σCDL) where:

µCDL =
( 20
ln(10)

)
×

(
K ln

(XTmax

XTmin

)
+ (µz,λmax − µz,λmin )

)
, (15)

σCDL =
( 20
ln(10)

)2
× (σ2

z,λmax
+ σ2

z,λmin
) (16)

3.3.2. Homogeneous MCF
In case of heterogeneous MCF, it’s clear to define λmax and

λmin by determining the singular values with maximum and
minimum means (µmax,µmin). In the other side, the homoge-
neous cores follow the same lognormal distribution which leads
to obtain each of µmax and µmin by using different methodology.

The CDF of max{λi} and min{λi} are respectively defined as
F(x)n and 1 − (1 − F(x))n where F(x) is the CDF of random
variable λi.

Since Z∼N(µz, σz). the PDF of X = min{Z} and Y = max{Z}
are given as(see Appendix.Appendix B):

fX(z) =
n

σz
√

2π

[
er f c

( z − µz

σz
√

2π

)]n−1
e−

(
z−µz
σz
√

2π

)2

(17)

5



Figure 7: Comparison between the simulated and the Theoretical PDF distribution, the upper figures are the PDF of the singular value and the bottom figures are
the PDF of the CDL

fY (z) =
−n

2n−2σz
√

2π

[
1 + er f

( z − µz

σz
√

2π

)]n−1
e−

(
z−µz
σz
√

2π

)2

(18)

We notice thatσz has a very small value which allow us to as-
sume that er f (.) and er f c(.) reach the saturation. Therefore, we
can claim that the PDF of the X and Y are normally distributed.

Further, the mean values of X and Y are given by [29]:

µmax = E[X] = µz + σzEc (19)

µmin = E[Y] = µz − σzEc (20)

where Ec is defined as:

Ec =

∫ ∞

−∞

z
d
dz

Fz(z)dz (21)

It has been shown in [29] that Ec can be approximated by Ec v√
2 log(c) which depends on the number of cores c in the MCF.

Thus, the CDL can be rewritten as:

µCDL =
( 20
ln(10)

)
×

(
ln

(XTmax

XTmin

)
+ (2Enσz)

)
, (22)

σCDL =
( 20
ln(10)

)2
× (2σ2

z ) (23)

3.4. Channel model Validation
We compare the proposed theoretical channel model with the

simulated results for specific MCF structures that serve our pur-
pose of illustrating all the observations. However, the follow-
ing results can be obtained for any MCF structure. We simu-
late 105 realizations of the optical channel where K = 300 mis-
aligned fiber sections with σx,y = 7%a1, Rb is equal to 140mm,
the correlation length is equal to 100m as in [30] and 100km
fiber length. In Fig.7, we plot in the upper figures the PDF of
the singular values (λ) of H. In Fig.7[(a),(c)], we observe three
distributions which corresponds to the three kind of cores co-
existing in the same structure, the third distribution in Fig.7(c)
is overlapped in the middle of the two distributions with low

probability. The same observation in Fig.7(b) since we notice
two distributions related to the two type of cores in structure C.
The singular values in F (homogeneous cores) follow one distri-
bution as shown in Fig.7(d). Then, the bottom figures compare
between the simulated and theoretical CDL by plotting the PDF
of the CDL. We notice that the two distributions are in a good
agreement for all the structures. However, in order to have sta-
tistical information about the fitting between the two probabil-
ity distributions, we apply the Kullback–Leibler divergence that
measures the difference between two distributions. For contin-
uous random variables of two probability distributions P and Q,
the Kullback is defined as [31]:

DKL(P‖Q) =

∫ ∞

−∞

p(x)log
p(x)
q(x)

dx (24)

The divergence of 0 indicates that the two distributions exactly
fit each other while the divergence of 1 indicates completely
different behavior. We calculate the Kullback divergence for
each MCF structure obtained in Fig.7, for the singular value
distributions the Kullback divergence is around 0.1 while for
the CDL distribution the divergence is around 0.01 that gives a
complete validation of the accuracy of the theoretical channel
model.

4. Multi-Core Fiber Transmission System with Core
Scrambling

4.1. System Model with Scrambling

In our previous work [13], the core scrambling has been in-
vestigated to mitigate the CDL induced by the transmission sys-
tem. In this section, we propose deterministic core scrambling
strategies to obtain an optimal CDL degradation in the MCF
transmission system. As shown in Fig.8, the transmission in-
cluding the scrambling matrices is given by:

Y = H.X + N =
√

L
K∏

k=1

((HXT )kMkPk).X + N (25)
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where Pk are the permutation matrices which represents the
scramblers when k is equal to the scrambling period Kscr and
identity matrices in other cases, k is multiple of the scrambling
period Kscr.

Figure 8: Multi-Core Fiber transmission system with random core scramblers

4.2. Random and Deterministic Core Scrambling

The function of the core scrambling is illustrated in Fig.9.
Assuming MCF with three different cores (black, red and blue),
we send three messages in each core (S 1, S 2 and S 3). Then, the
scrambler is installed after Kscr and the signals are permuted
randomly (random core scrambling) and transmitted through
different core. In this case, the signals face the average losses
induced by all the cores. However, installing large number of
random core scramblers in the transmission link is the main
drawback to approach a sufficient CDL reduction. Therefore,
we propose a deterministic scrambling strategy, the aim is to
make sure that in each scrambling period (Kscr) the permuta-
tion of certain core should be with different core type. Thus,
we propose three strategies for different MCF structures: (a)
Snail scrambler, (b) Circular scrambler and (c) Snake scram-
bler shown in Fig.10. Switching from random core scrambling
to deterministic scrambling makes the permutations matrices
fixed after each Kscr in (25).

Figure 9: Core scrambling concept

A comparison between the random and deterministic scram-
bling is presented in Fig.11. We plot the CDL function of the
number of the scramblers installed in the link where the number
of sections K = 300. In Fig. 11(a), we notice that the CDL can
be decreased to 2.5dB in structure A (7-core Hetero-MCF) by
installing only 5 deterministic scramblers instead of 35 random
scramblers. Fig.11(b) illustrates the performance of the Circu-
lar scramblers in the ring structure C (12-core Hetero-MCF).
We notice that in order to decrease the CDL level almost to
the minimum which is equal to 0.4dB, we need to install only
5 deterministic scramblers. Moreover, in structure H (32-core
Hetero-MCF), we can decrease the number of scramblers from
35 random scramblers to 5 deterministic scramblers to obtain
CDL equal to 1.8dB as shown in Fig.11(c).

Figure 10: Deterministic scramblers strategies: (a) Snail scrambler, (b) Circular
scrambler and (c) Snake scrambler

Further, we evaluate the performance of the three determin-
istic scrambling strategies. In Fig.12, we plot the bit error rate
(BER) versus the signal to noise ratio S NR= Eb/2N0 with the
same configuration in Sec. 3. Starting with the Snail scram-
blers for the structure A in Fig.12(a), we notice that the 7-core
Hetero-MCF without scrambling has S NR penalty equal to 2dB
at BER= 10−3 compared to Gaussian channel. Installing 5 Snail
scramblers in the transmission link decreases S NR penalty to
0.5dB instead of 1dB by applying the random scramblers at
BER = 10−3. In Fig.12(b), we observe that installing 5 Cir-
cular scramblers for structure C mitigates completely the CDL
from 2.5dB S NR penalty without scrambling and 1.5dB penalty
with random scrambling. Finally, Fig.12(c) illustrates the per-
formance of the Snake scramblers for structure H, the system
without scrambling has S NR penalty equal to 2.5dB at BER=

10−4. However, installing the random scramblers decreases the
penalty to 0.4dB while applying the Snake scramblers strategy
reducing the S NR penalty to 0.1dB by utilizing only 5 scram-
blers. However, the optimal number of deterministic scramblers
to be installed in the system has to be determined. Therefore,
obtaining the theoretical channel model with core scrambling is
necessary to answer this question.

4.3. Theoretical Channel Model with Scrambling
With the same methodology in section.3.3, we propose a

theoretical channel model for MCF transmission system with
deterministic core scrambling as H = UΣVH. The theoretical
model will lead to obtain the optimal number of deterministic
scramblers.

4.3.1. Derivation
The equivalent channel matrix H in (25) with core scram-

bling is given as:

H =

K∏
k=1

((HXT )kMkPk) (26)

By permuting the misalignment channel matrix Mk, we obtain:

H =

K∏
k=1

((HXT )kMp,k) (27)

where Mp,k is the matrix after the permutation. Then, we apply
the QR decomposition with the same steps in section. 3.3. The
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(a) 7-core Hetero-MCF (b) 12-core Hetero-MCF (c) 32-core Hetero-MCF

Figure 11: Comparison between the deterministic scramblers and random scramblers with number of section equal to 300

(a) 7-core Hetero-MCF (b) 12-core Hetero-MCF (c) 32-core Hetero-MCF
Figure 12: System performance without scrambling, with random scrambling and with deterministic scrambling after applying 5 core scramblers.

channel matrix H can be expressed as:

H = (HXT )1Mp,1︸        ︷︷        ︸
Hp,1

(HXT )2Mp,2︸        ︷︷        ︸
Hp,2

... (HXT )KMp,K︸         ︷︷         ︸
Hp,k

= Qp,1Rp,1Rp,2...Rp,K = Qp,1 Rp,eq

(28)

The product of Rp,k matrices is a random combination of all
the misalignment loss values α existing in the system as a re-
sulting of the permutation matrices. So, the diagonal value of
the upper triangular Rp,eq is given as:

rp,i = (
K1∏

k=1

αk
1 × ... ×

KT∏
k=1

αk
T ) (

√
XT 2

i + Σc
j=1XT 2

i, j)
K (29)

By neglecting (Σc
j=1XT 2

i, j), the singular values with scrambling
(λp,i) are equivalent to the diagonal value of the upper triangular
matrix Req:

λp,i = (
K1∏

k=1

αk
1 × ... ×

KT∏
k=1

αk
T )︸                      ︷︷                      ︸

(αp,i)total

(XTi)K , where i , j (30)

(αp,i)total is the total losses after the scrambling at the end of the
link and it is given as:

(αp,i)total =

K1∏
k=1

αk
1 × ... ×

KT∏
k=1

αk
T = exp(Zp), (31)

Zp = [−b1

K1∑
k=1

(dx2
k,i + dy2

k,i)︸                    ︷︷                    ︸
X1

−b2

K2∑
k=1

(dx2
k,i + dy2

k,i)︸                    ︷︷                    ︸
X2

−

...−bT

KT∑
k=1

(dx2
k,i + dy2

k,i)︸                     ︷︷                     ︸
XT

]

(32)

where T is the number of different type of cores. Kt are the
number of sections correspond to each type of core where t
∈ [1,..,T ]. After applying the Central Limit Theorem on each
term. Xt is a normal distribution with mean µXt = -2Ktbtσ

2
(x,y)t

and variance σX
2
t = 4Ktb2

t σ
4
(x,y)t

which makes Zp normally dis-
tributed with mean µz =

∑T
t=1 µXt and variance σ2

z =
∑T

t=1 σXt .
Thus, (αp,i)total = exp(Zp) has a lognormal distribution with pa-
rameters:

µ(αp,i)total = exp(µz + σ2
z/2) (33)

σ2
(αp,i)total

= (exp(σ2
z ) − 1) ∗ µ2

(αp,i)total
(34)

Finally, λp,i is lognormally distributed with mean (XTi)K

µ(αp,i)total and variance (XTi)2Kσ2
(αp,i)total

.

4.3.2. Optimal number of scramblers
Obtaining the optimal number of deterministic scramblers

(S opt) is achievable by using the proposed channel model in the
previous section. However, S opt occurs when all the cores al-
most have the same losses during the transmission so obtaining
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the minimum CDL value. The calculation of S opt differ from
one structure to another. In general, S opt is the number of steps
in order to reach all the cores S opt = c − 1, where c is the num-
ber of cores. In the ring structures (C and D) is considered as
special case where S opt = T/2, where T is the number of dif-
ferent type of cores. In Fig.13, we plot the CDL function of the
number of core scramblers. We observe that S opt = 1 for struc-
ture C since it has two type of cores (T=2). On the other side,
structures A and H respectively have S opt = 6 and 31 which
proved our formulas.

Achieving the optimal deterministic scrambling allows to ob-
tain the Kt values in Eq.32 since the permutations are known in
this case:

Kt = K × wt, (35)

where wt = Nt
c , Nt is the number of cores with the same type

and c is the total number of cores.

Figure 13: The CDL function of the number of deterministic scramblers

4.4. Channel Model with Scrambling Validation

With the same simulation settings in section.3, we validate
the theoretical channel model with deterministic core scram-
bling. We apply Eq.35 for the two ring structures (C and D)
which leads to set both K1 and K2 to 150. In the case of struc-
tures A and B, we set the values of K1, K2 to be equal to 150
and K3 to 50. In Fig.14, we plot the PDF function of the singu-
lar value decomposition after the scrambling. First, we notice
the effect of the scrambling since all the cores follow single dis-
tribution. Second, we observe that the theoretical results fit the
simulation with Kullback divergence around 0.01.

5. Conclusion

In this paper, we have shown the CDL effect on the MCF
transmission system. The aim of the paper is to introduce a the-
oretical model which allows to estimate the PDF distribution
of the CDL in the system for several structures (homogeneous
and heterogeneous) MCFs without and with core scrambling.

Figure 14: Simulated and Theoretical PDF of the singular value (λ) with Opti-
mal deterministic scrambling for: (a) 12-core Hetero-MCF, (b) 12-core Hetero-
TA-MCF, (c) 7-core Hetero-MCF and (d) 19-core Homo-MCF

The theoretical model is a promising solution in order to pre-
dict the transmission system performance given some of the
fiber parameters and the system configuration. Further, we pro-
posed three deterministic scrambling strategies: Snail scram-
bling, Circular scrambling and Snake scrambling. These scram-
blers have the ability to obtain a sufficient CDL reduction by
installing few number of scramblers compared to the random
method. The optimal number of the deterministic scrambling
was investigated over the three scrambling strategies. In the
future, We are looking forward to lead experimental studies to
validate the proposed theoretical channel model through exper-
imental setup. Moreover, we aim to investigate the performance
of the space time coding (STC) in MCF as alternative or com-
plementary solution to the core scrambling.

Appendix A. QR Decomposition

The QR decomposition also called QR factorization of a real
square N×N matrix H is a decomposition of H into an orthog-
onal matrix Q and an upper triangular matrix R such as:

H = QR (A.1)

If H is non-singular, the factorization is unique. There are sev-
eral methods for computing the QR decomposition, the popular
one is the Gram-Schmidt process. Consider the columns hi,{i:1
→ N} of H. The Gram-Schmidt orthonormalization consists of:

u1 = h1, e1 =
u1

‖u1‖
, (A.2)

u2 = a2 −
〈
a1, e1

〉
e1, e2 =

u2

‖u2‖
, (A.3)

uk+1 = ak+1 −
〈
ak−1, e1

〉
e1 − .... −

〈
ak−1, ek

〉
ek,

ek+1 =
uk+1

‖uk+1‖
,

(A.4)

where ‖.‖ is the Euclidean norm and
〈
a,b

〉
= aT b is the scalar

product of two column vectors. The resulting QR factorization
yields:
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H = QR = Q


〈
ak−1, e1

〉 〈
ak−1, eN

〉
· · ·

〈
a2, eN

〉
0

〈
ak−1, e1

〉 .
.
.

.

.

.
. . .

0 · · · · · ·
〈
ak−1, e1

〉


Appendix B. The PDF of the maximum and minimum of

normal distribution

We drive the PDF of U = max{X} and V = min{X} where X
is normal distribution with mean µ and standard deviation σ.

The normal distribution has CDF as:

F(x) =
1
2

[
1 + er f

( x − µ

σ
√

2

)]
(B.1)

Assuming GU(x) is the CDF of U which is equal to (F(x))n,
where n is the number of sample of independent and identi-
cally distributed random variables. Also, GV (x) is the CDF of
V which is equal to 1 − (1 − F(x))n.

The PDF is obtained by taking the derivative of the CDF. In
this case, the PDF of GU(x) = n F(x)n−1 f (x), which is given as:

fU(x) =
−n

2n−2σ
√

2π

[
1 + er f

( x − µ

σ
√

2π

)]n−1
e−

(
x−µx
σx
√

2π

)2

(B.2)

And the PDF of GV (x) = n(1 − F(x))n−1 f (x), knowing that
er f c(x) = 1 − er f (x):

fV (x) =
n

σ
√

2π

[
er f c

( x − µ

σ
√

2π

)]n−1
e−

(
x−µ
σ
√

2π

)2

(B.3)
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