N

N
N

HAL

open science

Estimating an AR Model with Exogenous Driver

Yves Grenier

» To cite this version:

‘ Yves Grenier. Estimating an AR Model with Exogenous Driver. 2013. hal-00875064

HAL Id: hal-00875064
https://imt.hal.science/hal-00875064
Submitted on 21 Oct 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://imt.hal.science/hal-00875064
https://hal.archives-ouvertes.fr

Estimating an AR Model with Exogenous Driver

Yves Grenier

October 2013

Institut Mines-Télécom ; Télécom ParisTech ; CNRS LTCI

Abstract

In this paper, we introduce an autoregressive model which has an evolution that is driven by an exogenous
pilot signal. This model shares some properties with TAR (Threshold Auto Regressive) models and STAR,
(Smooth Transition Auto Regressive) models.

This text defines the model, it presents an estimator for this model, and an estimator for the variance of
the innovation, which is not constant in this model. An exact computation of the likelihood of this driven
autoregressive model is then presented. Two appendices present a state-space realization of this model and
the expression of a Kalman filter for such a model.

Résumé

Dans cet article, nous introduisons un modéle auto régressif dont I’évolution est pilotée par un signal
exogeéne. Ce modéle présente des analogies avec les modeéles autorégressifs a seuil (TAR, Threshold AutoRe-
gression) ainsi que les modéles STAR, (Smooth Transition Autoregressive).

Le texte présente le modéle, puis un estimateur pour ce modéle ainsi que pour la variance de son inno-
vation, qui n’est pas constante dans ce modéle. Un calcul exact de la vraisemblance du modéle autorégressif
sera ensuite présenté. Deux annexes montreront la réalisation de ce type de modéle autorégressif sous forme
de modéle d’état ainsi que ’expression du filtre de Kalman reposant sur ce modéle.



1 Autoregressive model with exogenous pilot

1.1 Model definition

Let us consider a signal y;, t € [0,7], and a representation of this signal as a non stationary autoregressive
process with coefficients a;(t), its innovation being denoted e;:

ye+ar(t =Dy + -+ ap(t =p)yr—p = &
We assume that the innovation is a non-stationary white noise, which is centered (E(e;) = 0), with variance
o}
E(etet/) = 6t,t’Ut2

We also assume that we observe a second signal x;, that is taken as deterministic; this signal drives the
coefficients a;(t) of the autoregressive model of the first signal y;:

ai(t) = gi(x)

where g;(x), i € [1,p] are nonlinear functions of z; for instance, we could assume that these functions have
a simple parametric representation only depending on a set of functions f,,(.) such as:

M
ai(t) =Y aimfm ()
m=0

Most often, we will take f,,(x) = (z/a)™ where o will be a normalization coefficient applied to the signal
x;. The autoregressive model which is written:

P
yr + Z ai(t —i)ye—; = e
i—1

may be rewritten (if we omit the normalization parameter «) as follows:

p M
Yt + Z Z aiTYLI(t - i)myt—z’ = € (]-)
i=1 m=0
Let us define a vector signal Y; build from the signal y; (which we want to model) and from the signal x;
(which drives the model):

Yt
LYt
Y, = Ty

My,
Given the expression of the autoregressive model and this definition of Y;, the model of y; driven by z; is
rewritten as a linear regression of signal y; on the p past samples of the non stationary vector signal Y;:

p
Ye + ZAthfi = e
i=1

1.2 Similar models

This model is inspired by the time-varying autoregressive model described in [1]. In this reference, the
coefficients of the model a;(t) were represented through combinations of functions of time. In the current
model, they are represented through combinations of functions of the exogenous variable z;.

The idea of expressing the coeflicients in terms of an exogenous variable appears in the definition of Threshold
AutoRegression by Tong and Lim [2] which, after adaptation to the notations of the current paper, may be
written as:

Yi + agj)yt_l ot a;g;j)yt—p =&y,

conditional on y;—4 € R; where the R; form a partition of the real line, defined by {ro, r1, ..., rm}, a

linearly ordered subset of the real numbers (rg = —o0, 1, = 00, 7; < 7;41); the a; form a discrete set of



m vectors. In the discussion of this paper, Priestley proposes to write a similar model, where the a; form a
continuous set:

Ye +ar(Y)ye—1 + -+ ap(Ye)ye—p = &,
with

Y = [Yeyi—1- "yt—p}T7 a;(Yy) = aEO’ + YL, Bi.

Many variants of the above models have been created (see [3]). The Smooth Threshold AutoRegressive
model (STAR) ! presented in [4] may be written:

Ye +a1ye—1+ -+ apyp—p + (bryt—1 + -+ + bpyt—p) F(y(yt—a —¢)) = ;-

In this model, the autoregressive coeflicients appear a a smooth transition between the set of {a;} and the
set of {b;}, with a weight given by some function of the threshold variable y;_4. The function F(.) is chosen as
the distribution function of the standard normal distribution in [4]. Other variants (see [5]) include the logistic
STAR model and the exponential STAR model: we obtain them by rewriting the model as:

Yt + (alyt—l +--+ apyt—p) (1 - G(Ztvryv C)) + (blyt—l + -+ bpyt—p) G(Zta’)/a C) =&,

where v > 0, z; is the exogenous variable and ¢ is a centering value. In the logistic STAR, the function is
taken as:

1
~ I+exp(—7(z —¢))
In the exponential STAR, the function is taken as:

G(zh s C)

G(z1,7,¢) = 1 — exp(—(z — ¢)?).
Multiple regime STAR models are defined in [5] as:

e + @1 Y + (02 — 1) YiGi(ze) + (93 — 02)" YiGa(2) + -+ + (0m — ¢m-1)” YiGm(2) = &1,

where ¢; is the vector containing the autoregressive coefficients of the i-th model, and G;(z;)

is a shortcut for G;(z, 7, ¢).

A third-order Taylor expansion of these functions in [6] leads to an equation (in the case where the exogenous
variable z; is equal to a’Y;) with the following expression:

PP p P p p
ye + BTY; + Z Z &ijYt—iYe—j + Z Z 1/Jz‘jyt—iyt2_j + Z Z ﬁijyt—iyio’_j = &¢. (2)

i=1 j=1 i=1 j=1 i=1 j=1

This last model is a special case (when z; = a”Y; and M = 3) of the model that we introduced in equation
(1). The expansion was introduced in [6] for the purpose of designing a statistical test of linearity and was not
intended for estimation. 2

2 Estimation of the autoregressive coefficients

2.1 Normal (Yule-Walker) equations

To estimate the autoregressive coefficients, we will assume in a first approach that the innovation variance

o? is constant (07 = 02). We can then estimate the A; coefficients in a least squares sense by minimizing

E(e?), or by maximizing an approximated likelihood. The likelihood of the model (where @ is the vector of A;
coefficients) is written as:

L(0) = p(yo,y1,- - yrl6).
We approximate it by:

L(e) =~ p(yp7y17 o 'yT|97y07 o 'ypfl)-

Using the fact that the innovation is a white noise, and assuming that this innovation is Gaussian:

1. The STAR model is now rather called Smooth Transition AutoRegressive.
2. It is clear that a model defined as in equation (1), as well as a model described by equation (2) is no longer stable when z
grows. We consider this as a minor problem when using this model on a given signal which remains bounded.



L(e) = H?:pp(gt‘aay()v'
— T 1
- Ht:p 1 /271'0'2
log L() = —= log (2ma?)

yp 1)

18t
—252

T e2
th
5

Maximizing the (approximate) log likelihood is equivalent to minimizing a least squares criterion:

T
= E e?
t=p

If we introduce the value of the innovation in this criterion:

Yia
P Yio
€t:yt+ZAiY27i:yt+9T :
i=1 ‘
the minimization leads to Yule-Walker equations:
Yi1 Y1
T Yi o ) Yi o
Z [Ks 1Y;T2 YT ]9_2 . Ye-
t=p - t=p .
Yip Yiop

2.2 Weighted estimation of the autoregressive coefficients

If the variance of the innovation is no longer constant, we can still estimate the autoregressive coefficients,

conditionally to o? (assuming it is known). The criterion being:

T2
=3,
2
= Ot

the Yule-Walker equations will be written:

Yia
T
1 Y,
> = LA 2PN
t=p 7t
P

Yi1
Yio

E]
=2 | |

t=p

Through these equations, we may estimate the autoregressive coefficients as soon as the values of the variances
o? are known. We will see in the next section that it is possible to estimate these values through a model which

is also driven by the exogenous signal x;.
already know.

This estimation will assume that the autoregressive coefficients are

This allows us to consider an iterative estimator that will alternate two phases:

1. estimate the autoregressive coefficients, given the model of the variance o2,

2. estimate the model of the variance, given the autoregressive coefficients.

3 Estimation of the innovation variance

3.1 Model for the innovation variance

Let e; be a centered, Gaussian, non-stationary white noise; we want to estimate its variance o2. In order to
build an estimate on an interval [0, 7], we will assume a model for the variance that will be:

M
O¢ = €xXp (Z bmfm(t)> A 10g C"t Z bmfm

where {fn,(t), m € [0, M]} is a set of known functions of time. The unknown parameters in the model are
the b,, coefficients, and we will group these parameters in a vector 6:



3.2 Estimation of the variance

In a Gaussian framework, we can derive a maximum likelihood estimation. The likelihood is:

The log-likelihood is:

0 o1e T
L =log(pler, - , erl6)) = 3 [~5 5 ~log(or) | — 5 log(2n)
t=0 t

By taking the expression of o; into account, the log-likelihood becomes:

T
_ M T
I - Z efe 23N bm fm(8) _ E bmfm(t)] - §log(27r),
t= m=0

or:

T

L1 b () _ T
= QZGQHG Zbm fm (2 Zmefm 210g(27r).

t
m= t=0 m=0

The gradient of the log-likelihood can be computed without any difficulty:

T M T
=D eifm® [T 7O =3 fu(t).
t=0 q=0 t=0

Writing that this gradient is zero does not permit to derive a simple estimate. But since the computation
of the Hessian is not complicated, a Newton-Raphson technique can be used to maximize the log-likelihood:

0’L QZ 2 (1) fo H ~2b,£4(8)
Ao €t fm(8) fn c

3.3 Initial estimation

Using a Newton-Raphson procedure for the maximization of the likelihood can be very efficient, provided
that the procedure starts from a good guess of the solution. A simple manner to obtain this initial guess is
to perform a regression of the standard deviation of a set of slices from the innovation signal, over the basis
of functions f,,(¢) taken at instants corresponding to the slices. The idea would be to split the set of samples
{e1; t € [0,T]} into K subsets Sy, ..., Sk, associate one instant 74, k € [1, K] to each subset, evaluate the
variance of the samples in each subset:

2 _ 2
Uk_E €t

teSk

and perform a regression of the values of the logarithm of the standard deviations over the basis:

fo(ﬁ) f1(7'1) fM(T1) %logal
fo(re)  film) - fu(7e) ZO 5 logas
) . . . 1 )
: : : : b]‘\/[ :
Joltx) filtx) - fu(Tk) s logok

Such an initial guess is satisfactory as soon as K is more than 3 or 4 times M + 1, the number of unknowns.
How can we choose the subsets Si, ..., Sk? It would be wrong to split the time interval [0,7] into K
successive intervals with equal length given by T/K. Considering the fact that the exogenous signal z; drives



the model, a better choice would be to select the slices from the amplitudes of {z:, t € [0,T]}. Let us sort the
values of x; in increasing order. This defines a new set of indexes t' = o(t), such that:

vVt € [O,T — 1] ) < To(t+1)-
With this new set of indexes, we define the slice Sy by:
kT (k+1)T
= —< -_—
Sk {t K S O(t) < K } ,
and the representative instant 73 by:
(k+3)T
7

This way to split the values of the driving signal into K slices is clearly inspired by the definition of the
Threshold AutoRegressive (TAR) model.

Tr : o(T) =

4 Likelihood of the model

In this section, we describe an exact computation of the likelihood of the model. For completeness, we not
only assume an autoregressive model but also an autoregressive moving-average model.

4.1 State equations for the ARMA model
An ARMA model written as:

=1

n
yt"'zazt_lytz ijt_]etj
7=0

has a state-space representation (see appendix A):

—ai(t) 1 0 -+ 0 Bi(t)
—ax(t) 0 1 .0 Ba(t)
X1 = : Coe e [ Xt : €t (3)
Caa(t) 0 - 01 B (1)
U X0
ye = [1 0 0 ]+ bo(t) (4)
where:
Bi(t) = bi(t) — ai(t)bo(t)
and

E(e?) = 1.

This state-space representation is a modified version of the canonical observable representation given in [7,
page 374]. In order to compute the likelihood of the model, we will apply a Kalman filter based upon this
representation, to compute the innovation and deduce from it the likelihood. The representation in [7, page
374] does not easily allow the use of the Kalman filter.

4.2 State estimation through Kalman filter

We will use the formulation of the Kalman filter given by [8, pp 105 et seq.] and rewrite equations (3) and
(4), introducing obvious notations Fy, Gy and H:

Xiy1 = FXi+ Gee (5)
ye = HTX, +bo(t)e (6)

With these notations, the filter is summarized by (see appendix B where w; = e¢, v; = bo(t)e; and the time
index on H; may be dropped here):



g = w—H Xy

ry = Hth/tqH + bo(t)?
Ky = (FBXi—1H+ Gebo(t)) Iy
Xiy1iyt = Xy + Kie
T 1 bo(t GT
S = (R KB Syes (Fo- 0™ Gu-ril |yt 0 | G|

= (F = KH) Sy (F,— K,HT) 4 (Gy = bo(8)Ky) (G — bo(H) )T

where &, is the innovation, 'y = E(e7) is the variance of the innovation, K; is the Kalman gain, X, is
the prediction of the state X; at time ¢ + 1, given the observations up to ¢, ¥;;/; is the variance of the state
prediction error: X,/ = E ((Xt+1/t — X)) (Xiq1ye — Xt)T).

The Kalman filter has initial conditions X,,_; and ¥y,_;. We will use Xy,_; = 0. Since we cannot make
any assumption concerning the state, a realistic way to initialize ¥y,_; is to make this matrix proportional to
the identity matrix ¥q,_; = Al where X is a large value, for instance A = 1000 x E(y?).

4.3 Estimation of the log likelihood
The likelihood is

L(0) = p(yo, y1, - - -yrl0) = p(eo, €1, - --e70).

Given the orthogonality of the sequence {e;,¢ € [0,T]}, under the assumption that the signals are Gaussian,
this is:

T T 2

1 1%t

L) = [ p(ld) = ] =z 2™
t=0 i=o V2Lt

The log likelihood is therefore:
1o [ 2
log L(#) = ——= log 27 — 3 Z (Ft + log]."t>

t=0 N1
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A State-space realization of a non-stationary ARMA model

We consider a signal y; that is described by the following ARMA model:

yt+za1t_zyt1 Zb et] (7)

=1

The purpose of this section is to show that the model in equation (7) has a state-space representation that
can be written as:

—ai(t) 1 0 0 B (t)
—ax(t) 0 1 .0 Ba(t)
Xiy1 = : Do X + : €, (8)
fan_l(t) 0 0 1 /Bn—l(t)
—a, (t) 0 .. 0 /Bn(t)
v = [1 0 - o 0] X +bo(t)es (9)

A.1 Expression of the state vector

The k-th component of the state vector X; will be denoted (k). Let us first compute the values of the
components x(t). For k = 1, we may use the observation equation (9) which gives:

ze(1) = y; — bo(t)es. (10)

The first row of matrix equation (3) links x¢11(1) to z4(2):

Ze11(1) = —a1(t)xe(1) + 26(2) + S1(t)es. (11)
We can then obtain the expression of z.(2) by mixing equations (10) and (11):

74(2) Ti41(1) + a1 (t) 2 (1) — Bi(t)er,
Yer1 — bo(t + 1)esy1 + a1 (t)(ye — bo(t)es) — Bi(t)es

= Y1 tar(t)ye — bo(t + L)err1 — (ar(D)bo(t)er + Bi(t)) e

The same procedure leads to the successive components, and the expression of z;(k) is:

E

-1
z(k) = D ait+k—1—i)yr1-
=0

—bo(t+k—1)esrp—1

<.

-1
= lai(t+k—1—i)bo(t +k—1—d)+ Bi(t + k — 1 — 1)) epr—1i, (12)
i=1

where we assume that ao(t) = 1, Vt.

Proof: Equation is true for £ = 1 (equation (12) coincides with equation (10)). It suffices to prove that if
equation (12) is true for k, it is also true for k + 1.
For k < n, the k-th row of matrix equation (3) is written as:

21 (k) = —ap(Q)ze(1) + zo(k + 1) + Br(t)es

Therefore:



ri(k+1) = zpa(k) +arp()r(1) — Br(t)es

k—1
= Z a;i(t+k — ) ytpr—i + ar(t)ys
1=0
—bo(t + k)eryr
k—1

= (ai(t+k —i)bo(t + k — i) + bi(t + k — 1)) erypsi

~(a(B)bo(t) + Bi(t)) e

which is identical to equation (12) for k + 1.

A.2 Equivalence with the ARMA model

It remains to show that the state-space equations (3) and (9) are a realization of the ARMA model in (7).
We will use the n-th row of equation (3):

Tr41(n) = —an(t)ze(1) + Ba(t)es
Using equation (10) leads to:

$t+1(n) = —an(t) (yt - b()(t)et) + ﬁn(t)et
= —an(t)ye + (an(t)bo(t) + Bn(t)) e (13)

Applying equation (12) for k¥ = n at time ¢ + 1 leads to:

n—1
Ti41(n) = Z ai(t +mn—i)Yrrn—i
i=0
—bo(t +n)etin
n—1
- Z (a;i(t+n—1dbo(t +n—1i)+ Bi(t + n—1i)) eryn—i, (14)
=1

Finally, equating the two expressions of z;y1(n) in equations (13) and (14) gives:

dailt+n—i)yeni = Y (ailt+n—ibo(t+n—i)+Bi(t+n—1i))erpn
1=0 =1
+b0(t +’I’L>6t+n,

and replacing t + n by t gives:

Zazt—z Yyr—i = bo(t et—i—z (a;(t —d)bo(t — @) + Bi(t — 1)) er—s

=0 i=1

which coincides with equation (7) provided that:

bi(t) = ai(t)bolt) + B(t) Vi € [1,m],

or

Bi(t) = bi(t) — ai(t)bo(t) + Vi€ [1,n].



B Kalman filter with correlated state and observation noises

In this section, we recall the expression of the Kalman filter as it is given in [8, section 8.4]. In this reference,
contrary to most textbooks, the state noise and the observation noise are not assumed to be uncorrelated. Apart
from that, their derivation also takes into account a known input sequence, but we shall ignore such an input
in our presentation. The state equations are:

Xiy1 = FXi+ Gy (15)
w o= HI X +u (16)

with correlated noises w; and vy:

S
ERIREES

B.1 Prediction and Kalman gain

A recursive equation is sought for the state prediction X, Ji—1

Xt/t—l = E(X¢lyo, y1, - ye—1) = E(X¢|Jo, G1, - Te—1)

where {g;} is the innovation sequence:

Ut =y — E(yelyo, y1, - ye—1)-
Define the prediction error Xt/t,l =X; — )A(t/t,l and its covariance X, /;_; = E(Xt/thtj;tq) We use the
independence of the innovations (and the fact that the state is centered, E(X;y1) = 0, since the observations
and noises are centered):

E(Xev1l90, 915 - 0) = BE(Xeq1|9¢) + E(Xeq1lP0, 1, - Te—1)- (17)

The first term can be computed through the projection theorem:

E(Xes1|i) = E(Xe1 7 E@:e5! )~ e (18)

The covariances are estimated as:

E(Xe19]) = E((FiX:+ Guaw)(HT X, +”t)T)

E Ftth(tTHt) G,

- R (E(Xt/t_lf(?) + lE(f(tf(tT)) H, + G,S,
= Xy He + GiSe

and (given that X; and v, are independent):

E@gl) = E((HIX:+v)(H X + Ut)T)
= H; Yy 1 Hi+ Ry

Therefore equation (18) becomes:

E(Xi11|0¢) = (FiSpe—1He + GeSe) (H Sejp—1 Hy + Ry) i

Given that w; is independent of g, 1, - - - Jt—1, the second term in equation (17) can be computed as:
E(Xiq 1|90, 915 - Fe—1) = E(FX: + Gowelgo, 91, - Je—1)
= FEXiljo, 41, - Ge-1)
= FiXyi

The recursive equation (17) can now be written as:

XtJrl/t = FtXt/tfl + Ki(y: — HtTXt/t—l)

where K; is the Kalman gain defined as:

Ky = (F,Syi—1Hy + GoSe)(H] Sy jo—1 Hy + Ry) ™

10



B.2 Evolution of the covariance matrix

The evolution of the covariance matrix 3, /;_; is deduced from the evolution of the state error X, /t—1 Which
is now seen as:

Xt+1/t = Xt+1 - Xt+1/t ) ~
X + GEwt — X1 — Ke(ye — HtTXt/t—l) A
Fy(X — )A(t/t—l) + Gy — Ky (HE Xy + C HtTXt/t—l)
Fy(X — Xt/t7~1) + Gy — K HE (X — Xiji—1) — Koy
(Fy — KtH;T)Xt/tq + Grwy — Koy

(Fy — K:H) X,y 1 + (G — K] [wlof

]T

. . - T .
Given the independence of X,;/;_; and [w{ v} ]", the covariance evolves as:

Et+1/t = E(Xt+1/tX1;1jk1/t)

5 5 S, G
= (B - KGHDE(X, ), (X[, )(F = K H)T + (G - K oo { t }

—K,
S G
= (F,— KH)S 1 (F, — K HDT + (G — Ky [ g% Rtt [ t
t

11



