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Abstract

We consider stationary processes with long memory which are non—Gaussian and rep-
resented as Hermite polynomials of a Gaussian process. We focus on the corresponding
wavelet coefficients and study the asymptotic behavior of the sum of their squares since
this sum is often used for estimating the long-memory parameter. We show that the limit
is not Gaussian but can be expressed using the non—Gaussian Rosenblatt process defined
as a Wiener It6 integral of order 2. This happens even if the original process is defined
through a Hermite polynomial of order higher than 2.

1 Introduction

Wavelet analysis is a popular method for estimating the memory parameter of stochastic
processes with long-range dependance. The idea of using wavelets to estimate the memory
parameter d goes back to Wornell and Oppenheim [1992] and [Flandrin [19894b, (1991, 1999].
See also |Abry and Veitch [1998], |Abry et all [1998]. Wavelet methods are an alternative
to the Fourier methods developed by Fox and Taqqu (Fox and Tagqu [1986]) and Robin-
son (Robinson [1995a/b]. For a general comparison of Fourier and wavelet approach, see
Fay et all [2009]. The case of the Gaussian processes, especially the fractional Brownian mo-
tion has been widely studied. In this paper we will make an analysis of the wavelet coefficients
of stationary processes with long memory which are not Gaussian. The need of non-Gaussian
self-similar processes in practice (for example in hydrology) is mentioned in|Tagqu [1978] based
on the study of stochastic modeling for river-flow time series in [Lawrance and Kottegoda
[1977]. The wavelet analysis of non-Gaussian stochastic processes has been much less treated
in the literature. Bardet and Tudor, see Bardet and Tudor [2010], considered the case of the
Rosenblatt process which is a non-Gaussian self-similar process with stationary increments
leaving in the second Wiener chaos, that is, it can be expressed as a double iterated integral
with respect to the Wiener process. It can be also defined as a Hermite process of order
2, while the fractional Brownian motion is a Hermite process of order 1. We refer to Sec-
tion [3] for the definition of the Rosenblatt process (see also Tagqu [1979], [Tudor [2008]), and
to IChronopoulou et al. [2011], [Pipiras and Tagqu [2011], Tagqu [1979] for the definition and
various properties of the Hermite process.

In the present work, we consider processes expressed as a Hermite polynomial of order
greater than 1 of a Gaussian time series. This will allow us to gain insight into more compli-
cated situations. We will derive the limit theorems that are needed to justify wavelet—based
estimation procedures of the memory parameter. We will investigate the estimation problem



in another paper.

Denote by X = {X;}1cz a centered stationary Gaussian process with unit variance and
spectral density f(\), A € (—m, ). Such a stochastic process is said to have short memory or
short-range dependence if f(\) is positive and bounded around A = 0 and long memory or
long-range dependence if f(\) — oo as A — 0. We will suppose that { X; };ez has long—memory
with memory parameter 0 < d < 1/2, that is,

FO)~ A2 (0 as A= 0 (1)

where f*(A) is a bounded spectral density which is continuous and positive at the origin. It
is convenient to set

FO) =1 =2 (N, Ae (-ma]. (2)

Since the process X is stationary, its spectral density is integrable, which implies d < %
We shall also consider a process {Y; }scz, not necessarily stationary but its difference AXY
of order K > 0 is stationary. Moreover, instead of supposing that AXY is Gaussian, we will

assume that
(AKY)t - qu(Xt)7 tek, (3)

where (AY); = Y; — Y;_1, where X is Gaussian with spectral density f satisfying (2) and
where Hy, is the go—th Hermite polynomial.

We will focus on the wavelet coefficients of Y = {Y; }4ez. Since {Y;}iez is random so will
be its wavelet coefficients which we denote by {W;, 7 > 0, k € Z}, where j indicates the
scale and k the location. These wavelet coefficients are defined by

Wik =Y hj(yk —1)Y;
teZ

where ; 1 00 as j 1 o0 is a sequence of non-negative scale factors applied at scale j, for
example v; = 2J and hj is a filter whose properties will be listed below. We follow the
engineering convention where large values of j correspond to large scales. Our goal is to find
the distribution of the empirical quadratic mean of these wavelet coefficients at large scales
j — oo, that is, the asymptotic behavior of the scalogram

n—1
1
Snj=— > Wi, (4)
k=0

adequately normalized as the number of wavelet coefficients n and j = j(n) — oco. This is
a necessary and important step in developing methods for estimating the underlying long
memory parameter d, see the references mentioned at the beginning of this section.

When gy = 1, the behavior of S, ; has been studied in [Roueff and Taqqu [2009b]. In this
case, under certain conditions, the limit as j,n — oo of the suitably renormalized sequence
Sh,; is Gaussian. If go > 2 only few facts are known on the behavior of the scalogram S, ;.
In Bardet and Tudor [2010], the authors have made a wavelet analysis of the Rosenblatt
process (see Definition 3.1l with ¢ = 2). This situation roughly corresponds to the case gy = 2
(the second Hermite polynomial). It has been shown that its associated scalogram has a non-
Gaussian behavior, that is, after normalization it converges to a Rosenblatt random variable.
Basically, what happens is the following: the random variable Ho(X}) is, for every t € Z an



element of the second Wiener chaos and its square can be decomposed, using the properties
of multiple stochastic integrals, as a sum of a multiple integral in the fourth Wiener chaos and
a multiple integral in the second Wiener chaos. It turns out that the leading term is the one
in the second Wiener chaos which converges to a Rosenblatt random variable (a Rosenblatt
process at time 1). Wavelet analysis for G = H, with ¢ > 2 has not been done until now.
Some intuition can be gained from the study of quadratic variations of the increments of
the Hermite process, in |Chronopoulou et all [2011]. In this case the starting process is self-
similar, that is, invariant under scaling. Again the limit turns out to be the Rosenblatt
random variable. Briefly since the Hermite process is an element of the gth Wiener chaos, its
square (minus the expectation of its square) can be expressed as a sum of multiple integrals of
orders 2,4,.. until 2¢. It turns out that the main term is the one in the second Wiener chaos
which converges to a Rosenblatt random variable. This may suggest that in our situation one
would have perhaps a “reduction theorem” as in [Taqqu [1975], stating that it is the lower
order term which dominates. This is not the case however. We will show in a subsequent
paper that higher—order Hermite processes can appear in the limit even when the initial data
are a mixture of a Gaussian and non—Gaussian components.

The paper is structured as follows. In Section 2 we introduce the wavelet filters and state
the assumptions imposed on them. In Section 3 we state our main result corresponding to
go > 2 and we introduce the Rosenblatt process which appears as limit. In Section 4 we give
the chaos expansion of the scalogram. Section 5 and 6 describe the asymptotic behavior of
the various terms appearing in the decomposition of the scalogram. Finally, Sections 7 and 8
contain technical lemmas used throughout our paper.

2 The wavelet coefficients

The Gaussian sequence X = {X;}icz with spectral density (2]) is long-range dependent
because d > 0 and hence its spectrum explodes at A = 0. Whether {H, (X;)}icz is also
long-range dependent depends on the respective values of ¢y and d. We show in |Clausel et al.
[2010], that the spectral density of { H,, (X;) }scz behaves proportionally to || ~%+(90) as A — 0,
where

0+(¢) = max(6(g),0) and d(¢) =¢d—(¢—1)/2, ¢=1,23,..., (5)

and hence 04 (qp) is the memory parameter of {H, (X¢)}tcz . Therefore, since 0 < d < 1/2,
in order for {Hg,(X¢)}tez, go > 1, to be long-range dependent, one needs

6(g0) > 0= (1 —-1/g0)/2 <d < 1/2, (6)
that is, d must be sufficiently close to 1/2. Specifically, for long-range dependance,
Gpo=1=d>0, g=2=d>1/4, q=3=d>1/3, ¢q=4=d>3/8 ...
From another perspective, for all gg > 1
6(q0) >0 qo < 1/(1—2d), (7)

and thus {Hg, (X¢)}tez is short-range dependent if ¢o > 1/(1 — 2d). In the following, we
always assume that {Hg,(X¢)}+cz has long memory, that is,

1< qp <1/(1—2d) or, equivalently, 0 < d(qp) < 1/2. (8)



As indicated in the introduction, we consider the process {Y;}scz, where AKY; = Hg (Xe)
for any ¢ € Z and for some K > 0 (see ([B])). We are interested in the wavelets coefficients of
the process {Hgy,(X¢)}tez. To obtain them, one applies a linear filter h;(7),7 € Z, at each
scale j > 0. We shall characterize below the filters h;(7) by their discrete Fourier transform :

R\ =Y hi(r)e ™ Xe [-m,a],  hy(r) ! / i hj(\)eNdN T € Z . (9)
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The resulting wavelet coefficients W; 5, where j is the scale and k the location are defined as

Wik =Y hilyk—t)Ye =Y hj(yk — ) A M Hyo(Xy), § > 0,k € Z, (10)
teZ teZ

where y; 1 00 as j T 00 is a sequence of non-negative scale factors applied at scale j, for
example v; = 2/. We do not assume that the wavelet coefficients are orthogonal nor that
they are generated by a multiresolution analysis, but only that the filters h; concentrate
around the zero frequency as j — oo with some uniformity, see Assumptions (W-h)—(W-q)
below.

To study the joint convergence at several scales going to infinity, wavelet coefficients can
be considered as a process W, i, indexed by m, k and let j — oo as in|Clausel et al. [2010].
Here we are interested in the scalogram defined as the empirical square mean () with n equal
to the number of wavelets coefficients at scale j available from N observations of the original
process Y7, ..., Yn. The joint asymptotic behavior at various scales here implies to deal with
different down-sampling rates v; and different numbers of available wavelet coefficients n at
the same time, since both depend on the scale j. However it is shown in [Roueff and Taqqu
[2009b] that the joint behavior of the scalogram at several scales can be deduced from the
joint behavior of the statistic (4] considered with the same j and n but with different filters
hej € =1,...,m instead. Hence we adopt this setup in the following as it will moreover ease
the comparison between the cases gy > 1 treated in this contribution and the case ¢y = 1
which follows from the result obtained in Roueff and Taqqu [2009a], and stated in the special
case of the scalogram in [Roueff and Tagqu, 2009b, Theorem 1]. Our assumption on the filters
hej, £ =1,...,m are the same, except that we allow v; # 27 for sake of generality, and we
assume locally uniform convergence in the asymptotic behavior. They are satisfied in the
standard wavelet analysis described in [Moulines et al. [2007].

From now on, the wavelet coefficient W, defined in ([I0) is valued in R™ with h; repre-
senting a m-dimensional vector with entries hy j, £ = 1,...,m. We will use bold faced symbols
W, . and h; to emphasize the multivariate setting,

Wik =Y hj(yk—t)¥; => hj(yik —t)A ™ Hy(Xy), j > 0,k € L. (11)
teZ teEZL

(W-a) Finite support: For each ¢ and j, {hs ;j(7)}rez has finite support.

(W-b) Uniform smoothness: There exists M > 0, « > 1/2 and C' > 0 such that for all j > 0
and A € [—m, 7],

Cy A

h(\)| < —2 2
‘ ]( )’ = (1+,Yj‘)\‘)a+M

(12)
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where |z| denotes the Euclidean norm of vector z. By 27m-periodicity of ﬂj this in-
equality can be extended to A € R as

- 7
O = OO

(13)

where {\} denotes the element of (—m, 7| such that A — {\} € 27Z.

(W-c) Asymptotic behavior: There exist a sequence of phase functions ®; : R — (-, 7] and

some function IAloo : R — CP such that

~

7 NN = (V) (14)

lim 7;1/2ﬁj( ;

Jj—+oo
locally uniformly on A € R.

In (W-@), locally uniformly means that for all compact K C R,

sup 7;1/2f1j(7j_1/\)e@j()‘) - floo()\) —0.
AeK

Assumptions (I2)) and (I4]) imply that for any A € R,

N M
Boo(V)] < 0N

= )

Hence vector Eloo has entries in L?(R). We let h,, be the vector of L?(R) inverse Fourier
transforms of hy o, £ =1,...,m, that is

hoo(€) = /R ho(t)e % dt, £cR. (16)

Observe that while ﬁj is 2m—periodic, the function IAloo has non—periodic entries on R.
For the connection between these assumptions on h; and corresponding assumptions on the
scaling function ¢ and the mother wavelet v in the classical wavelet setting see Moulines et al.
[2007] and Roueff and Tagqu [2009h]. In particular, in that case, for a single scale analysis
p =1, one has heo = @(0)1;

For M > K, a more convenient way to express W is to incorporate the linear filter
A=K in (TT)) into the filter h; and denote the resulting filter th). Then

Wik =3 b (k — ) Hy(X0) (17)
teZ
where . _ R
hO0) = (1 e ™)Ky (18)

is the component wise discrete Fourier transform of hg-K). Since {Hy,(X}),t € Z} is stationary,
so is {W; x, k € Z} for each scale j. Using (I3)), we further get,

M
(14 [{A ot

(E§K)(A)( < Oy}t AER, j>1. (19)
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In particular, if M = K we get that
B0 < oy @l AeR > 1 (20)

Observing that the right-hand side of (I2]) is decreasing in M the bound (20) continues to
hold if M > K.
By Assumption (I2]), h; has vanishing moments up to order M —1, that is, for any integer
0<m<M-—1,
> hit)m=0. (21)
teZ
Observe that AKY is centered by definition. However, by (2I)), the definition of W only
depends on AMY . In particular, provided that M > K + 1, its value is not modified if a
constant is added to AXY, whenever M > K + 1.

3 Main result

Recall that
(ARY), = H, (X)), t€Z.

The condition (8)) ensures such that {H,,(X¢)}+cz is long-range dependent (see [Clausel et al.
[2010], Lemma 4.1). Our main result deals with the asymptotic behavior of the scalogram
Sh,j, defined in the case p = 1 by (@) as j,n — oo, that is, as n — oo (large sample behavior)
with j = j(n) being an arbitrary diverging sequence (large scale behavior). More precisely,
we will study the asymptotic behavior of the sequence

n—1
Snj = [% > (Wg,j,k - E(\We,j,ofz))] . ; (22)

k=0

=1,...,

adequately normalized as j,n — oo, where Wy i, £ = 1,...,m, denote the m entries of
vector W ;.. The limit will be expressed in terms of the Hermite processes which are defined
as follows.

Definition 3.1 The Rosenblatt process of index d with

1/4<d<1/2, (23)
s the continuous time process
" gi(urtuz)t _ q J J d/\ d/\
Z4(t) = ——|u1|” ¢ dw w ,teR. 24
0= [ S el T ) () (24

The multiple integral (24]) with respect to the complex-valued Gaussian random measure W is
defined in Appendix[Al The symbol fﬂgz indicates that one does not integrate on the diagonal
u; = ug. The integral is well-defined when (23]) holds because then it has finite L? norm.
This process is self—similar with self-similarity parameter

H=2de (1/2,1),



that is for all @ > 0, {Zy(at)}er and {a? Z4(t)}ier have the same finite dimensional distri-
butions, see Taqqu [1979).

We now list the assumptions needed in order to prove our main result:
Assumptions A {W;;, j > 1,k € Z} are the wavelet coefficients defined by (1) , where

(i) X is a stationary Gaussian process with spectral density f satisfying ([2)) with 0 < d <
1/2;

(i) Hg, is the go th Hermite polynomial where gg satisfies condition (8);
(ili) the sequence of positive integers (7;);>1 is non-decreasing and diverging;
(iv) wavelet filters h; = [hy j]o=1,.m, j > 1, satisfy (W-@)—(W).

The definition of Hermite polynomials is recalled in Appendix [Al The following theorem
gives the limit of (22]), suitably normalized, as the number of wavelet coefficients and the
scale j = j(n) tend to infinity.

Theorem 3.1 Suppose that Assumptions A holds and define the scalogram gn,j by (22). Let
(nj) be any diverging sequence of integers.

(a) Suppose that v; is a sequence of even integers, qo =1 and M > K +d. Then, as j — oo,

/2y O, B N(0,T) (25)
) 2
Fi,i’ = m / Z ’)\ + 2p7r\_2(K+d) [ﬁz,oo/}\lz’,oo]()\ + 2]?7'(') dX N 1 S i, i/ S m,
T
T |peZ
(26)

(b) Recall that 6(q) is defined in (3). Suppose that qo > 2 and M > K + 6(qo — 1). Then as
J — 09,

n}_2d’Y;2(6(QO)+K)§nj,j £, F(0)% Lg,—1 Z4(1) . (27)

where Z4(1) is the Rosenblatt process in (24) evaluated at times t = 1, f*(0) is the
short-range spectral density at zero frequency and where Ly _1 is the deterministic m-
dimensional vector [Lgy—1(heoo)le=1,..m with finite entries defined by

|g(u1 e up)|2 - —2d
L = Ilu dui---du,, £=1,...,m,, 28
p(g) /p |u1 ’LLp|2K : 1| z| 1 D ( )

forany g : R — C and p > 1.
This theorem is proved in Section [6

Remark 3.1 Since 6(1) = d we observe that the exponent of ~y; in the rate of convergence
of gn,j are the same for both cases qo = 1 and qo > 2, see (28) and (27), respectively. They
correspond to the order of E]Wj,o\? In contrast, the exponent of n is always larger in the
second case, since qo > 2 implies 2d — 1 > —1/2. The statistical behavior of the limits



are also very different in the two cases. In (23) the limit is Gaussian while in (27), the
limit is Rosenblatt. Another difference is that the entries of the limit vector in (27) have
cross-correlations equal to 1 (they only differ through a multiplicative constant). In contrast,
in (23), by the Cauchy-Schwartz Inequality, this only happens ifﬁi,oo()\+2pﬂ)/ﬁi/7m(A+2pﬂ)
does not depend on p € Z for almost every .

Remark 3.2 H, (X;) involves multiple integrals of order qo, W?k and hence S, ; in (23)
involves sums of multiple integrals of order 0, 2,4,6... up to 2qg but the limiting Rosenblatt
process in Theorem [31] involves only a double integral, albeit with a non-random factor Lg,—1
expressed as a non—random multiple integral of order qo — 1.

Example. Assume that we are given a compactly supported multi-resolution analysis and
consider the wavelet basis {1); 1} (j x)ezxz associated to this multi-resolution analysis. In this
case, 7; = 2/. The number n of wavelet coefficients available at scale j, is related both to the
number N of observations Y7, - , Yy of the time series Y and to the length T of the support
of the wavelet ¢. More precisely, one has (see Moulines et all [2007] for more details),

n=[279(N-T+1)-T+1~279N asnor2 /N — oo,

where [z] denotes the integer part of x for any real . Remark that the assumption n —
oo implies that N — oo faster than 27. When n,j — oo, the centered scalogram gn,j is
asymptotically Rosenblatt. We recover the results of Bardet and Tudor who let Y be the
Rosenblatt process itself. This roughly corresponds here to the case gy = 2 (see Theorem 4
of Bardet and Tudor [2010]).

4 Chaos expansion of the scalogram

Here we take p = 1 without loss of generality, since the case p > 2 can be deduced by applying
the case p = 1 to each entries. The purpose of this section is to express the scalogram

n—1
1
S == > Wi (29)
k=0

-~

as a sum of multiple integrals I(-) (defined in Appendix A) with respect to the Gaussian
random measure W. Our main tool will be the product formula for multiple Wiener-Ito6
integrals. Each W ; is a multiple integral of order gg of some kernel f;, that is

Wik = Lo (fk)- (30)

Now, using the product formula for multiple stochastic integrals (I09), one gets, as shown in
Proposition @] that, for any (n,j) € N2,

n—1 qo—1 2
1 q
S0~ BlSns) = 2 3 W~ EWE] = 3 ot s (31)
k=0 p=0

where, for all 0 < p < gy — 1,

ST(LZ,)])' = f2qo—2p(9p) .



)

That is, for every j,n, the random variable S (p n,j 1S an element of the chaos of order 2¢y — 2p.
The function g,(€), &€ = (&1, ..., &ago—2p) € R2072P is defined for every p € {0,--- ,qo — 1} as

n—1

(&) = = S (i) (32)

k=0

where the contraction ®,, is defined in (II0J).
Let us formalize the above decomposition of S, ; and give a more explicit expression for
the function g, in (32).

Proposition 4.1 For all non-negative integer j, {W; i }rez is a weakly stationary sequence.
Moreover, for any (n,j) € N2,

qo—1
Snj —E(Snj) = Z p! (Z)z (27T)pST(ij) , (33)
p=0
where, for all 0 <p < qy—1,
S’r(LI,); = f2qo—2p(gp) , (34)
and where, for all € = (£1,. .., E24y—2p) € R2072P,
9p(§) = Dn(v; (&1 + -+ &2q0-2p)) (35)

2q0—2p

X H Vv 5@ ]1( ) 5@ X ’f (51 +oet gqo—pa£q0—;0+1 +oet £2q0—2p) (36)

Here f denotes the spectral density (3) of the underlying Gaussian process X and

1 i 1—eln
ﬁze N 1—e1“)7 (37)

denotes the normalized Dirichlet kernel. Finally, for € = (&1,&) € R?, if p £ 0,

ﬁE»”’(sl,sz):/(M <Hf ) Mt A A ORI O 4 4, — &) dPA, (38)

and, if p=0,
A1, &) = A @R (&), (39)

Notation. In (B8], dP\ refers to p—dimensmnal Lebesgue measure integration. To simplify
the notation, we shall denote by 3, the C? — C function defined, for all ¢ € Z, and

Yy = (y17"'7yq) G(qu by
q
i=1

and for any (g1,¢2) € Z2, we denote by X, 4, the C? x C% — C? function defined for all
y= (y17 s 7yq1—|—q2) € (qu X (qu by

Eg1,a ( Zyu Z Yi| - (41)

i=q1+1



With these notations, (34), (38]) and ([B9) become respectively

Sr(zp) _‘[2‘10 2p <D © 22g0—2p 'YJ \/_]l 7T,7r ®(2q0 ) x A( )Oqu —P,q0— P> ’ (42)
K) .
206, ) = Jemme VTS ’<zp<A> RGN @ @A itpr0
! [hg‘K) ® h§K)](€1,§z) ifp=0.

where o denotes the composition of functions, A = (A,---,\,) and fEP(A) = fF(A1) -+ f(\p)
is written as a tensor product.

Remark 4.1 The kernel Rgp ) can also be expressed on R? using the covariance sequence of
the process X, namely,

R (€6 = 2P D A m)h (ma) B(X, X, )P e HmaTme) - (44)
mezZ?

This follows from the relation

E(Xomy Xomy) = % / emzmmIA £(N)dA

and (18) and the definition (9) of the discrete Fourier transform ﬁj.

Proof of Proposition [4.1] By (),

Snj = =3 Wi (45)

Using (B0) and the product formula for multiple stochastic integrals (I09]) of Proposition[A.T],

we have
9

W2, = T (i) () = S (207 (p) Foan-ap (000 - (46)
p=0
Therefore,
q0 % 2/\
Sy = Z w2, =S @) '<p> Togo20 (0p) - (47)
p=0
where
n—1
Z fj k®pfj k -
k 0

By (DIED, for all 5 = (517 te 7&]0) € RQO,
Fi.(6) = exp 0¥y (i7,6) (RS 0 24(6)) (£570(€)) 2 15 (©) (48)

10



If, p=1,2,...,q0 — 1, let £ = (&1, -+ ,&290—2p)- The contraction f;;®,f;, defined on
R240=2P equals by (I10),

fik®pf5(8)
= [ Bl ) sl s
= expoNag—2p (k7€) X [V FL(rm] 2072 (E)
[ €+ e+ Sp O g+ = S X [FL P Y) 02

= exp 0Xgg—2p(ikv;§) \/_]1( ) ®2qo_2p(5) X ’f( )quo —pao—p(&)

where /43§ P) is defined by B8),[39), or equivalently by (@3]),[39) and where we used that

E§-K)(-) = th)(—-). We therefore get that g, is a function with 2¢gy — 2p variables given
by

n—1

1 _ —~
9p(§ ZGXP 0Xgy—2p(1k7;€) fl( ) ®2qo 2p(€) x "fgp) © Xgo—p,q0—p(&) -
=0

The Dirichlet kernel D,, appears when one computes the sum % Zz;é exp 0Xog,—2p (1k7;€).
This implies the formula (35)).

The chaos of order zero does not appears in ([33) where S, ; — E(S, ;) is considered. It
appears however in the expression (47) of Sy, ; in the term with p = gy where fgqo_gp = fg. In
this case, we have

(27) 0 a0 To (£, fi) = (2m) a0l 4112y = 0!yl 22 omy = E(Wl2)

corresponding in ([47)) to the deterministic term
LS B(W,L2) = E(W;0/2) = E(Sn;
nz (] J,k’ ) (1 ]70‘ ) ( n,J)v
k=1

by (5]). Therefore S, ; — E(S, ;) can be expressed as (33]). O

As we can see from (B3]), the random variable S, ; can be expanded into a sum of multiple
stochastic integrals starting from order zero (which corresponds to the deterministic term
E(S,;)). The order of the chaos appearing in the decomposition of S, ; could be greater or
smaller than the critical value 1/(1 — 2d). This means that S, ; may admit summands with
long-range dependence (orders smaller than 1/(1 — 2d) ) and short range dependence (orders
greater than 1/(1 — 2d)). We will see that these two kind of terms have different behavior.
Another issue concerns p, the order of the contraction in the product formula for multiple
integrals. The case p = 0 must be discussed separately because the function Rgp ) in (38) has
the special form [39) if p = 0.

To study S, ; as j,n — oo, we need to study S (p ) which is given in ([42]). We first estimate

the L2 norm of ST(LJ)..
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5 An upper bound for the L? norm of the terms ngj).

To identify the leading term of the sum S, ; —E(S,, j), we will give an upper bound for the L?

norms of the terms Sr(f J) 0 < p < qo defined in (34]) and (£2). Then, in Section[@] we investigate

the asymptotic behavior of the leading term of S, ;. It directly implies the required result

about the asymptotic bahavior of the scalogram. The expression ([42]) of Sf(f ]) involves the
kernel k\gp) in (43) which vanishes when &; = 0 or & = 0 if p = 0 because iALj(O) = 0 by (12).
But the expression ([43)) of k\g»p ) implies that it does not vanish if p > 0 because
») : % 2
2%(0,0) = /( | (H f(AZ-)> (hj(zp(x))( dPA > 0.
—mm)P \i=1
All these considerations lead one to distinguish the following two cases :

e The case p # 0.

e The case p = 0.

5.1 The case p #0

In the case p # 0 we give an upper bound for ||57(Lp)-\|2 = E(|Sffj)-|2)1/2 with 0 < p < qo

(see (B3)). !

Proposition 5.1 Let 0 < p < gy < 1/(1—2d). There exists some C > 0 whose value depends
only on p,d,qo and f* such that for alln,j > 1

||57(5j)_”2 < C = min(1-26(g0-p),1/2) %2_5(q0)+2K . (49)
Proof. Let C,C4,--- be positive constants that may change from line to line. Set r =

go —p = 1. We perform the change of variable y = n+v;§ in the integral expression of Sﬁf ])
given by (42)) and deduce that

2r
efstf = g [ oreme (O (o)
=1 J

(n;)?

2
P PO <i>‘ >y .

1=

We now use the expression of f given by (2)), the boundedness of f*, the bound of Dirichlet

kernel given by Lemma [B1] and the bound of Rg-p ) given by Lemma [l Hence one deduces
that there exists some Cy > 1 depending only on p, d such that

e 57(33 2 - 017;2r(1—2d)/7;_1(K+5(p)) I, = 01/7]_—2-1-45(7‘)—1-45(;0)/7;1]( L, (50)
where )
n—2r(1—2d) goznr(%) d2ry
Inj :/ _ 2 1r2r 2d
(—nyymnym?r (1 4+ n[{S2r (n = y) )" T [vil
with

1
1+ [{z})2®) (1 + 7 [{z2}])0®)

g(z1,22) = (

12



We now bound the integral I, ;. To this end, perform the successive change of variables

ity Y Yri ety Y2
U =——, ", Up = —,U1 = y Ty Up — T/ .
n n n n

so that

yi = n(u; — ujpq) for 1 <i <r—1, y, = nu,,
Yi = n(Vi—p — Vj—py1) for r+1 <0 <2r —1, yo, = nu, .

m

In addition, observe that for any m € Z, \ {0}, (y1,- - ,¥m) € (—nym,nym)™ , implies that
Y1 + -+ ym € (—m(nvy;)m, m(ny;)m). Hence, there exists some constant C' depending only
on r,d such that

L.< C/’Ymrr /’Ygﬂr J, -yjn(ul;2d]~r)<]7",’yj7r(vl;2d17”)duldvl
n,j
vymr S =y (14 n[{ug +vi}])?(1 +7; {:—Jl} )20() (1 + {%}

where we used the definition of Jp, 4(s;5) in Lemma 4] with the notation 1, for the -
dimensional vector with all entries equal to 1, that is, we set m = r, a = yj7, 1 = --- =
Bm = 2d in ([@5). We now apply Lemma B4l Since m = r < 1/(1 — 2d), we are in Case (i)
and we get that there exists some C' > 0 depending only on r,d such that

)20(p)

Jr oy (852d1,) < Cls|™™ forall seR.

Then there exists some constant Co > 1 depending only on 7, d such that

YT T —24(r) —26(r d d
e [T 0150
w==gmr S (1 + o)) (14 [ (23]) 7 (1

Now use the inequality [{z}| < |z| valid on = € R. Since 6(r) > 0,

’ {%}D%(p)

j T i LU —28(7) [~ . UL |—26(7)
L, < Co /'YJ /’Yg |'7j{-y;}| |7j{.yj H duidvy

v1=—"; (1+n!{u1+’01}‘)2 (1—’_% {“/_yl}) (1—’_’}/] >

By 27m-periodicity of  + {x}, the integrand is (2vy;7)-periodic with respect to both variables
u1 and v; and we get that

I o<c /v1='yj7r /'yﬂr ’ul‘—%(r ‘U1’—25(r)dul du;
n,g > L3 .
’ wr=—yr Sy (L0 {un + o1 })2 (1 + [ur)BE (1 4 fvy])20@)

1=—", 7T

To deal with the fractional parts, we now partition (—~;, 7]-77)2 using the following domains

A = {(ur,01) € (—yjm )2 Jus + o — 2ms| < 7

with s € {—~;,---,7;}, so that I, ; = A+ 2B with

_/ ur| =200 oy |72 duy doy
A® (T4 nfuy +v1])2(1 + |ug])20@) (1 + |y |)20@)
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and

B= Z/ Jua |72 oy |72 duy doy
() (1 +njup +v1 — 27s])2(1 + |ug])20®) (1 + |vq])20()

Let us now bound separately A and B. To bound A, we distinguish two cases : 46(r) > 1
and 46(r) < 1. In the first case, observe that (1 4 |u|)?*® > 1 holds on R and perform the
change of variables u}| = nu; and v| = nv;. Then

—25(r —26(r
s n‘2+45(”/ |uh |72 |0 | 7200 duy o) < Cp s (51)
R2 (1+|U1+U1|)

since the integral is bounded. This follows from Lemma 8.4 of |Clausel et al. [2010] applied
with M1 =2, My =0,g=2,a=0, f1 = B = 2(r).

In the case where 46(r) < 1, setting t; = uy + vy, we get that
A< /_W dtq /AWT |7f1 - U1| —26(r |’U1| 26(T)d211
T i) [ Joe (L 0 — 02)2@) (1 oy [)20)
We now split the integral in brackets into two terms

/ |t1 _ ,U1|—26(7’ |U |—26 ") dvy / |t1 _,U1|—26(r |U |—26 ") dv,
rf <2l ] (14t = vi)PE L+ [01])2P) Jopp <oy j<oym (1 [t — 01])20@) (1 4 [y ])200)

Consider the first integral. Since 46(r) < 1, Lemma [8.4] (case (ii) or (iv)) applied with m = 2,
a =2|t1|,s1 = t1, B1 = B2 = 26(r) then implies that for some C' > 0 depending on r,d

/ |t1 _ ’U1| —24(r |’U1| 26(7’)(12}1 < / ’tl _ Ul’_26(r)’1)1‘_26(r)d?)1
rf<2fta] (1 [t —vi[)2@ (1 4 [vi[)2@) 7 Jpy, <oy

Now consider the second integral. Note that |v1]| > 2|¢1| implies |vq —t1] > |v1| — |t1] > |v1]/2.
We get that

/ |t1 _ Ul|—2<§(r’)|U1|—2<S(r)dv1 C/ |U1| —24(r |1)1| 26(7’)dv1
2t | <[or| <y (14 [t = 01])20@) (1 + Joy [)20() (1 + 1)@ (1 + fug])20@)

C/%W |U1| 46(r) duvy
e (L o) 50

= 0(),

IN

where we used that 4(6(r) + d(p)) = 46(qo) + 2 > 2 and that, for any 8 > 0 and 8’ < 1,
a _/Bl / /
/{aiiggﬂajﬁdx::<?<ama“1‘5‘ﬂ‘”uog<aﬂ€“3+ﬁh<when(z—+-+oo, (52)

Hence, if 46(r) <1
4 dtl -1
A<C — | <C . 53
<o/ auap) <on (53)
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To sum up Equations (5I)) and (53)), we can write
A < Cp-min@-45().1) (54)
To bound B observe that, on R?, if |uj| < |u; + v1]/2 then
1] = [(u1 +v1) —ur] > |ug +v1] = |ua] = Jug +01]/2.
Hence either |uj| > |uy + v1]/2 or |vi| > |ug + v1|/2. Set
ALY = {(ug,01) € AY, Jur| = Jug + v1]/2} |
and its symmetric set

A = {(ur,01) € AT, o] 2 Jur +v1]/2}

Then, since 6(r),d(p) > 0, for any s € {—v;, -+, —1,1,-- , v},
BEL = / Jua |20 1|22 duy oy
T o T a (i + oD+ )P0 )P

/ |2y | =20 H0®)) gy | =207 dagy dy
a0 (1 nf{ur + o} 2L+ [or )20

luy + ,U1|—2(6(r)+5(p))|U1|—25(7’)dul dv;
A(S 1)

<
- L+ n{ur +vi})?(1 + [or])?@)

Setting t; = n(uj + v1), we get that

B < Cp1+200r)+25(0) / S e / BT Jur |70 duy
B t1=27wns—7mn (1 + ‘tl - 27777‘3’)2 —VT (1 + ‘U1’)25(p)

Set wy = t1 — 2mns. Since s # 0, we have

Vi |'U |_26(T)d'[)1
BED < O~ 1200)+250) (1 (2 25(r)—26(p) / 1 —24 / 1
n ?)(n(2]s]-1))" R( + |w1]) " dwy o (Lt o2 |

and the same bound holds on B2 by symmetry. Hence Then
i V5T ”U ’—25(r)d,u
B=) (B®Y4+ B2y <Con! 2s| — 1)~ =2() / ] . (55
Z ’ §=:1( Sy g (1 Jvn])200) (55)
Using 25(p) + 26(r) = d(qo) + 1 > 1 with (52), we deduce from (B5) that B = O(n~!) and,

with (&4, I,; = A+ B = O(n~™2=490)10) With G0) and §(p) + 6(r) = 5(qo) + 1/2, we
obtain (9] O
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5.2 The case p=0
(»)

Here the situation is different from the previous case p # 0 since the kernel ij involved in

the definition of Sﬁf ]) has a different expression when p = 0 and vanishes when & = 0 or
&9 = 0. It implies that the bound in Proposition involves n~1/2 instead of n~11+9(10) ag
could be expected from the case p > 0 in Proposition (.1l Further, an additional assumption
on the moments of the wavelet is required which is consistent with the results proved in the
Gaussian case in Moulines et all [2007] (corresponding to gy = 1) where M is assumed to be
greater than K + d.

Proposition 5.2 Assume that M > K + §(qo). Then there exists some C > 1 whose values
depend only on qo,d such that for any n,j

15O 120y = E(SD2)2 < € /242000 42K (56)

Proof. We denote by C a positive constant that may change at each appearance, but whose

value does neither depend on n nor j. Since p = 0, ’/%§-0) = lAL;K)@ by ([B9). Then, setting

y = (ny;) "¢ in @Z), we get

2

(0)

1
B (nyj)%40 /R%o

We now use the bound of the Dirichlet kernel given by Lemma BTl the definition of f given
by Equation (2]) with the boundedness of f*, the bound of th) given by Equation (I9]). Then
we deduce that

(57)

2

/NE Yy K Yy
Dn o Paqn()] (FLnm)® G0 2) |5 0 80 ()| AP0y
J J

EHSS,]])F] < 0’7;2q0(1_2d)’7]2‘(2K+1)In,j _ 0’73‘1(5(q0)+K)In,j , (58)

where §(+) is defined by (B) and where for any j,n

2q0
_ _ Yy _
In,j =n 2a0(1-24) / ) go EQOJIO(E) (H |yz| 2d> dyy - - dy2q0 >
(=ny;mny;m)290 i=1

with, for all (&;,&) € R2,

&/ PN ) e PO .
[(1+ L&/ A + g {ea/v P

We now bound the integral I,, ;. Observe that for any y = (y1,- -+ ,yaq,) € (—ny;m, ny;m)>%

9(&1,&) = (1+ Inf& + &)~ (59)

i+ + gl Snyjleo —i+Dm and  ygoi + o+ Yago| < nyjlgo — i+ 1)
Thereafter, we set

Yt Ygo ~ Ygo _ Ygo+1 T+ Yag — Y2q0
= . v = , e v = == .

n n n T n

uy
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Then

qo7; q075
In; < CO/ / g(u1,v1) JQOijW(ul;2d1QO)JQO7’Yj7T(U1;2d1‘10)du1dvl7
u

1=—qov; T Jv1=—qoV;T

where we used the definition of Jy, 4(s; ) in Lemma B.4] with the notation 1,4, for the go-
dimensional vector with all entries equal to 1, that is, we set m = qo, a = yj7, /1 = -+ =
Bm = 2d in ([©@5]). We now apply Lemma [8.4] Slnce qo < 1/(1 —2d), we are in Case (i) of and
we obtain

Jgoym(252d14,) < C 2|72 zeR,

for some constant C' > 0. This bound with the inequality [{u}| < |u| and the expression of g
given by (B9) yields

L o<c /qo’yﬂr /qo'yﬂr |’7j{u1/7j}|2(M_K_6(q0)) |,7j{,ul/,7j}|2(M—K—5(QO)) duqdoy
n,Jj o)
qovm (14 n{ur + o} )2 [(1+ |y {u 453) (1 + [y {on /1))

qo07Y; ™

By 2mperiodicity of u — {u}, we observe that the integrand is (27y;)-periodic with respect
to both variables u; and v;. Thus the integral on (—govy;, qO"}/jﬂ')z equals qg times the integral
n (—v;m,v;m)% We get that

I,;<C

Y5 /’yﬂr ‘Ul’ (M—K-6(q0)) ”U ‘2(M_K_6(QO)) duld?)l
wr=—mw Jor=—ym (L4 nl{ur + v H)2 (14 Jur )2 (14 for )7+

By assumption 2(M — K — §(qo)) > 0, then for any ¢t € R,

|¢PM=E=00)) < (1 4 |¢])2M=EK=0@0)) < (7 4 |¢[)2M-F)

It implies that

I, <C / duydo
n.j = wr=—yr Jor =y (L4 nl{ur + 01 })2 (1 + Jug )2+ (14 [y [)20+e)

We now apply Lemma [B.5] with
S:2(K+a),ﬂ1:ﬂ2:0.

By assumptions (81, 82) € [0,1)? and S > 1. Then I, ; < C n~! and the conclusion follows

from (G8). O

6 The leading term of the scalogram and of its asymptotic
behavior

Suppose qo > 2. We will show that the leading term of S,, ; is 57(52_1) defined in (B4]). It is an

element of the chaos of order 2gy — 2(go — 1) = 2 and after renormalization it will converge
to a Rosenblatt random variable. We first study the asymptotic behavior of S, ; — Sr(g?_l)
which is a sum of random variables in chaoses 4,6 up to 2gy. We actually show in the next

(40 1)

result that, under the normalization of S , this term is negligible.
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Corollary 6.1 Assume qo > 2 and M > K + (qo). Then, as j,n — oo,

qo—2
12200} +K) Zp!@) 1SV | =0, (60)

p=0

Proof. The limit (60) is a direct consequence of Propositions Bl and (2], observing that
1—-2d=1-2§(1) <1—2§(qo — p) for all p=1,2,...,q0 — 2 and that §(gp) > 0 and gy > 2
imply 1 —2d < 1/2. O

We consider the limit in distribution of the corresponding term nl_zd’yj_ 2(6(q°)+K)ST(g§_1).
With Corollary [6.1] this will provide the proof of Theorem [B.I] in the case gg > 2. However,

to cover the m-dimensional case with m > 2, we need to define a multivariate S (p ]) that will

be denoted by sz 3 Let 0 < p < qo. Define a C™—valued function n( ?) by applying (B8]

component-wise with h; replaced by hy;, £ = 1,...,m. Define a (Cmfvalued function g,

by B5) with Rgp ) replaced by Eg-p ), Finally define sz 3 as a m-dimensional random vector
defined by ([B4]) with g, replaced by g,.

Proposition 6.1 Suppose that Assumption A holds with 2 < qy < 1/(1 — 2d) and M >
K +6(qo — 1). Then, for any diverging sequence (n;), as j — oo, we have

2y RGO £ f4(0)% Lyg-1 Za(1) - (61)

where Z4(1) and Lg,—1 are the same as in Theorem [31.

Proof. Using ([42)) component-wise with p = gg — 1, observing that 2¢p — 2p = 2 and making
the change of variable y = n+;{ in the multiple stochastic integral, we get

sl = L (D 0 Dl % ) % [V (a ]2 x &)

= 2 -1 ®2 —1 '
= n—fy] .[2 (Dn o 22 (n X ) X ]l(_'Yjﬂ'ijﬂ') (’n X ) X f]) ) (62)

ISH

where, for all £ € R?, 2
£(m36) = VI (©) x &) o

Here < means that the two vectors have same distributions for all n,j > 1. We will use
Lemma Bl which involves fractional parts. Let us express 192 ) @5 asum of indicator

(=vimym
functions on the following pairwise disjoint domains, ’
o) = {t = (t1,t2) € (—yjm,ym)?, |t1 +t2 — 27ms| <7}, s€EZ. (64)
Hence we obtain )
st Ly, o
;5 SEZ
19 =1, (Dn 0% (171 X ) X Ly (7 x ) fj> . (66)

Proposition follows from the following three convergence results, valid for all fixed m € Z
as n,j — oo.
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(a) If s =0, then

_ _ L2(Q
(ryy) =2y 20— DO ) e gpyoo 1,y 2,(1) (67)

(b) We have, as j,n — oo,

Sl;}g E |:(n’Yj)_4d’Yj_4(K+6(qo_l))

TL,j

(s) |2
107 =o0. (68)

(c) We have, as j,n — oo,

5 & [
sgv;Z

(s) 2} —0. (69)

TL,j

To show that this is sufficient to prove the proposition, observe that, for any t = (t1,t2) € ng),

we have
2mls| —m < 2m|s| — |t1 +to — 27s| < |t +ta| < 247 .

Hence the domain F§S) is empty if |s| > v; + 1/2 and the number of s such that s € 7;Z and
'] is non-empty is at most 3. Thus (G8)) and (69) imply

2
)2y 200 1) § (o) SNy

s#0

(nv;

Observe also that the normalizing factor in the left-hand side of (6I]) can be written as

n1—2d, —2(K+6(q0))

% = (n) ()™

—2(K+5(gqo—1
o (K+d(q0 ))) 7
by using the definition of ¢ in (B)). The last two displays, (65]) and (67)) yield (©I)).
It only remains to prove (67)), (68]) and (G9).
a) We first show (67]). Since Ig% and Z;(1) are defined as stochastic integrals of order 2,
([67) is equivalent to the L?(R?) convergence of the normalized corresponding kernels. These

kernels are given in (G0) and (24)) respectively. We show the latter by a dominated convergence
argument. Observe that, as n — oo, D,,(6/n) — (¥ —1)/(if) by B7), for all y € R?,

exp(i(y1 +y2)) — 1
(i(y1 +y2)) '

D, (n_l(yl +142)) —

By (), we have, as (n;) — oo, for all y € R?,

VI W/ ) ~ £(0) () fya] el
(p)

Now applying Lemma [T.2] to the m entries of Ej with p = g — 1, we get that, as n,j — oo,

for all y € R?,

7§QO—1)(1—2d)—(2K+1)quo_l)(y/(n%')) — (f*(o))qo_l Lgo-1 -
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The last three convergences and 26(go—1) = 1—(go—1)(1—2d) yield the pointwise convergence
of the normalized kernels defining the stochastic integrals appearing in the left-hand side
of (67) towards the kernel of the right-hand side.

It remains to bound these kernels by an L?(R?) function not depending on j, n. We may
take m = 1 without loss of generality for this purpose, since component-wise bounds are

sufficient. If y/n € Fgo), we have, by Lemma 81]

[ Dn((y1 +52)/n)] < C (1+[yr +22]) 7", (70)

for some constant C' > 0. By (Il), since f* is bounded, we have, for all y = (y1,y2) €
(—=ny;m, ny;m)
) T (/)| < C ol ™ (71)

where C is a constant. Since go — 1 < 1/(1 — 2d), Lemma [Z.1] implies that, for all ¢ € R? and
some constant C,

DD )] < o (72)

~

The bounds ([Q), ({1 and (2) imply that (n’yj)_2d’y;2(K+6(q°_l))I7(£; = I5(g) with

91> < C+ [y +v2) 72 [ 2wl ™4,y = (y1,52) € R?,

for some positive constant C. Since we assumed 2 < 1/(1 — 2d). Then, applying Lemma B3]
with My = 2, ¢ = 2, and a = 0, we obtain that this function is integrable and the conver-
gence (67) follows.

b) Let us now prove (G8). Again we may take m = 1 without loss of generality since the
bound can be applied component-wise to derive the case m > 2. Observe that the bounds (1))

and (72) can be used for y/n € Fg-s), while the bound (70) becomes

I Do((y1 +y2)/n)* < C (1+|y1 + y2 — 27ns|) ™2, (73)

Hence in this case, we obtain that (n’yj)_%’yj_ 2<K+6(qo_1))[,§5)

Iy(g) with

9W)* < COLA+ [y +y2 — 2mns) 72 [y 7 g2 %y = (y1,10) €R?, (74)
for some positive constant C'. Using the assumption 2 < 1/(1 — 2d), from Lemma [R3 applied

with ¢ = 2, a = 27ns and M; = 2, we get (68).
¢) Finally we prove (69) with m = 1. We need to further partition I'; into

Fg-s’a) ={telj t/y;—2m0 € (—m,7)%}, ocZ?. (75)
Note that for all ¢t = (t1,t2) € F§-s’o), we have, for any i = 1, 2,
12m05| < |ti/v; — 2moq| + |ti /v < 27 .

Hence ng’g) = () for all o out of the integer rectangle R = {—1,0,1}2. Then we obtain

2d —2(K+6(go—1))
(1)~ 2y 200 =" Igl
oc€ER
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where, for all y € R?,
99 (y) = (nyy) 2 2EHOTI D, 0 S0 (y/n) X Lo (y/m) % fiy) -
J

Since R is a finite set, to obtain the limit (69]), it is sufficient to show that, for any fixed

o€ R, as j,n — oo,

SEv;Z

| @y o (76)

For ¢ € 270 + (—, )2, we use a sharper bound than (72)), namely, by Lemma [7.1]

2
o 207 < C R~ 2m0) where y(u) = (1+y5lul) 207D L (77)

With (7I)) and (73)), it follows that

k92 (y/(nv;) — 270)
(1 + |y1 +y2 — 27ns|

2
gt (y)( <C

)2 |y1|_2d |y2|_2d7 y= (y17y2) € Rz . (78)

Let us set w = (wq,w2) with wy = y1/(ny;) — 2mo1 and wy = ya/(ny;) — 2mos. Using the
bound (78) and that y/n € Fg-s’g) implies w € A&S’J) with

AP = (w1, wz) € (=, m)2, |y (w1 + w2) — 27 (s — vj(01 + 02))| <7},

k:]®2(w) lwy + 270y | 72wy + 2mog| 2

d2
(o) (14 nfyj(wi +wa) — 27(s — y;(01 + 02))|)?

2
)| Py < 020 [

(s,9)

Since |w; £ 27| > m > |w;| for w € A;

/
(79)

We shall apply Lemma .3 after having conveniently bounded k; in the numerator of the
previous ratio. Let 8 < 1 to be set later arbitrarily close to 1. Since 26(go—1) > S—2d+2(qo),
we have

, we have for 0 € R,

kS (w) Jwy |~ wg| 2

o) (14 nfy;(wi +ws) = 27(s — (01 + 02))])?

dw

2
9((;)@)‘ A2y < C(”’Yj)2(1_2d)/A

k() = (14 7 ul) 2D
< (L ) (14 )20

Observe that, for all w € A§-s’o) we have

yi(lwi| V |wa|) > v|(w1 +w2) /2] > 7(|s — vj(o1 + 02)| — 1/2) > 7|s — yj(01 + 02)[/2 .

In the last inequality, we used that s ¢ v;Z and that s, ;, o1 and o2 are integers so that
s (o1 + 02)| = L.
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Using 0 < ¢o < 1/(1 — 2d), we have 2§(qg) > 0, and, choosing /8 close enough to 1, we
have 5 — 2d > 0. Hence, the last two displays yield, for all w € A&S’J) with s & 7, 7Z,

k72 (w) < ygun P jwa PP (1 mls — y5(0n + 02)] /2) 72000 (80)

Inserting this bound in (79) and setting ¢t = ny;w, we obtain

2
/ g (y)( d%y
<o n—4d+28 / ‘t1t2’—ﬁ £
T s = (o1 +02)[29@) Jg2 (14 [t + 1o — 27n(s — vj(01 + 02))])?

For 8 close enough to 1, we may apply Lemma B3 with ¢ = 2, d = 3/2, M; = 2 and
a = 2mn(s — v;(o1 + 02)) to bound the previous integral. Using again that s ¢ ,;Z and that
s, 74, o1 and o9 are integers, we have |a| > 27n and thus 1+ |a| < |a|. We get, for all s & ~,Z

/

where C' is some positive constant.
Now choose 3 close enough to 1 so that 26(qo) + 258 — 1 > 1. It follows that

Z |k|1—25(qo)—25 < 0o
k40

2
g5 (y)‘ d%y < Cn' ™1 |5 — yj(0q + og)| R @728

Since our assumptions imply d > 1/4, the last two displays imply (7G) and the proof is
finished. 0

Proof of Theorem B.Il We first prove the result in Casem In this case ¢g = 1 and thus
H, (X:) = X;. Let (v(s))sez be the Fourier coefficients of /27 f, so that the convergence

V2r f) =50 =D v(s)e ™
SEZL
holds in L?(—, 7). It follows that {X;};cz can be represented as
Xp=>» v(t—s), teZ,
SEL

where {&; }1ez is an 1.i.d. sequence of standard Gaussian r.v.’s. Applying (I7) with Hy,(X;) =
X; we obtain that

ARN:
Wie=7"1 o ], (81)
Zm.jk
where
Zyjk = Z ve i (vik — )&
teZ
with

v (u) = 47K hgj-) (u—s)v(s), uez.
SEZL
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Hence

B0 () =77 TERII 0B =47 V2 FOV B (), A e (-
Observe that (), (I2) and ([I8) imply, for some positive constant C,

\[M—(K+d)
B < o2 AT e
‘ ZJ( )’ (1+’Yj’)")a+M ( )
On the other hand, (d), (I4) and (I8) imply
lim ;20,77 NN = /PO E DR (A), AER, £=1,...,m

j—+oo

Thus, if M > K + d, Assumption A implies Condition B in [Roueff and Tagqu [2009a]
with N =m, § = a+ K +d, \ij = Mo =0, &;; = P, ’U;k,j = (2m)~ 1/2 v;,; and
v () = (27?)_1/2\/f*(0)|)\|_(K+d)ﬁim()\) for i =1,...,N and j > 1. Moreover we may

1,00

apply Theorem 1 in Roueff and Tagqu [2009a] and obtain, as j — oo,
1 [ 2355 — BIZE 4
—-1/2 . L
nj / Z : — N(O,P) s

R0 L Z% 0 — ELZR )

where T is the m xm covariance matrix defined by (26]). Since, by (22) and (&1]), nl/ 2 2(dJrK)Sn i
is the left-hand side of the last display, we get (23]).

We now consider Case bl Applying the basic decomposition (BI]) to each entries of S,, ;,
Corollary and Proposition [6.1] show that the leading term is obtained for p = ¢ — 1.
Moreover the latter proposition specify the limit.

Remark 6.1 The result proved in Theorem [31] can be compared with the main result in
Chronopoulou et al! [2011]: the variations based on the increments of the Hermite process of
order qo > 2 converges, after suitable normalization, to a Rosenblatt random variables in the
second Wiener chaos.

7 Asymptotic behavior of the kernel EEP )

The following result provides a bound of /1( ?) defined in B8), in the case where p > 0. It is
used in the proof of Proposition [B.11

Lemma 7.1 Suppose that Assumption A hold with m =1 and M > K, and let 0 < p <
1/(1 — 2d). Then there exists some C1 > 0 such that for all (£1,&2) € R? and j > 0,

2(6(p)+K)

k\(l’) J
| j (£1,6) <C (1_‘_%|{£1}|) (1+7;|{f2}|) )

Proof. By (2m)-periodicity of & /{ (51,52) along both variables & and &, we may take
£1,& € [—m,m]. Set for all i € {1,--- ,p},

pi = N+ ),

23



in the integral (43]). Then by (2)) and (20), there exists a constant C' independent of j such
that for all (&1,&2) € [, )2,

RP (@, -6)| < Ol [ Tpnyrli 2d)dim
’ —yor [Ty (14 [ /v + &)

where J, , is defined in Lemma B4l Applying Lemma B4l (8 = 2d,a = ~;7), there exists
some constant C' > 0 depending only on p, d such that for any p; € R*,

Hence there exists C; > 0 such that, for all (&, &) € [—7, 7],

R DY —25(p)d
| §p)(§1, —&)| < Cry 2K+25( )/ |11 2!

i Ty (L 45 [ vy + &35

Using the Cauchy—Schwartz inequality yields

(p) 2K +5()) T PT |pa |72 dyyy ks
57 (&, —&)| < Crvj / (84)
’ ! ;Ellz —pY;T™ (1 + |7] {Ml/')/] + £Z}|) (K+a)

We now use that

/mj || 2°P) dyay < ¥ / || W) dpuy
g (L Dy Qp + EDRF) = 2 i T T 5 (€ — 2ms) T
where I(s) denotes the interval —v;§ + 2mwsy; + [—7;7, ;7. Since we have here supposed
that 6(p) > 0, we may apply Lemma B3] with d = d(p), ¢ = 1, a = —~;(§ — 27s) and
M; =2(K + «). We get

/p’ij( ‘Ml‘_%(p) dul

1e —25(p)
e Ty Gy T g <€ 2 (e = 2ms) 7000,

s|<(p+1)/2

for some positive constant C. Since || < 7, we have, for any non-zero integer s, |{ — 2ms| >
(2|s| = )7 > m > [£|. Hence all the terms in the last sum are at most equal to the term
corresponding to s = 0. This, with (84]), yields (82). O

Next we derive the limit of /igp )

in the proof of Proposition [6.11

rescaled and normalized, as j — oo. The result is used

Lemma 7.2 Suppose that Assumption A hold with m =1 and M > K, and let 0 < p <
1/(1 —2d). Let (zjn)jn>1 be an array with values in R?. Let (n;) be a diverging sequence of
integers such that |z ;| — 0 as j — oo. Then, as j — oo,

(1-2d) (2K +1) ~(p)

’Y? - Kj (zjn/7v5) — (f7(0))P Lp(/HOO) )
where Lp(ﬁoo) is the finite positive constant defined by (28).
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Proof. From (I5)and 28] with M > K we get that oo (M)]/IAE < (14|A])~* K. The fact
that L (h ) < oo follows from Lemma R3] applied with a = 0, p = ¢ and M; = 2(a + K).
Setting ¢ = ;A in (@3], we get
IR — [ FED (G ae, (85)
(=v3mv5m)

where, for all j >0, A € R? and ¢ = (£1,&) € R?,

£ (s €) = 7 27D por () RO (2,00 + €0RY (5,00 - &) -

Using (), (I4), (I8)) and z;,, — 0, we have, as j,n — oo,

i 2 2
FEDC 2i0/) = (O |<1(i+ o é’;‘ [Tic="- (86)

It turns out, however, that f;K’p )(C : Zjn/7;) cannot be uniformly bounded by an integrable
function over the whole integral domain (—v;m,~;m)P, but only on a specific subdomain, as
we will show below. By (1) and (20), setting m,, = sup; [2;,|, we have, for some constant
C >0,

157G 2500/ 1) \<CH\<Zr 7 sup (L Py {(82p(0) +u) /) THE L (87)

|u|<mp

The domains are defined using an integer s by taking ¢ such that {(X,(()+u)/v;} = (3,({)+
u)/7v;—2ms. In fact we will use smaller domains that do not depend on u € [—m,,, m,], namely,

P(S = {¢ € (—ym,ym)P, —m+2ws + my/v; < Ep(Q)/7; < T+ 2ws —my/y;} .

We note indeed that, for all ¢ € I‘g‘?z and u € [—my, my], {(Ep(Q)+u)/vi} = (Zp(Q) +uw)/v; —
2ms. The following set completes the partition of (—v;m,~;m)P.

Ajn= {¢e (_’Yj777’Yj7T)p : d(zp(o/’}’jvﬂ +27Z) < mn/’Yj} )

where d(x, A) denotes the distance between a real x and the set A. We will prove below the
following facts.

(i) The following bounds hold for ¢ € RP and n large enough,

/ o 1€ 30/3) 46 (O Ty (55)

(i) If |s| > (p+1)/2, I is an empty set.

(iii) For all s # 0, as n,j — oo,

[ 5 G zinf) dC 0. (89)

J,n
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(iv) Asn,j — oo,
[ Gz e 0. (90)

Jn

To conclude the proof, we show (i), (ii), (iii) and (iv) successively.
First consider (i). It follows from (87), the definition of F?,n and m,, — 0 that

p
]lrgn(C) ‘f}Kvp)(C;zj,n/fyj)‘ <C H ’Ci‘_2d (1/2 + Ep(())_2(a+K) .
i=1

Observe that, by Lemmal[82] and since o > 1/2, K > 0 and p(1—2d) < 1, the right-hand side
of the last display is integrable. Then (88]) follows from (86]) and the dominated convergence
theorem.

Assertion (ii) follows from the definition of F(f).

YR
We now prove (iii) and thus take s # 0. Using (87)) and m,, — 0, we get, for all ¢ € Fﬁi
and n large enough,

p
PG i) < € TTIGI (1/2 +1p(0) - 2msy )20 |
i=1

The limit (89) then follows from Lemmal83]applied with ¢ = p, M = 2(K+a) and a = 277;3s.
Finally we prove Assertion (iv). In this case, we observe that (87) implies

p
PG zim/i) < CTT G

i=1

This bound and Lemma B2 yields

J

Hence, we obtain (@0) and the proof is achieved. O

Py

fy(Kp)(C; zjn/7) d¢ < C / La(t/y; mt2nz)<mn fy; At = O(ma) -

g —py;T

8 Technical lemmas
Lemma 8.1 Define the Dirichlet kernel Dy, as in (37). Then

supsup (1 + [n{0/n}|) |Dn(0/n)| < . (91)
0ER n>1

Proof. We observe that |e* — 1| > 2|{\}|/7. Hence, for all § € R,

7 el — 1] 7 eim0/m} |
1Dn(0/n)| < S = 5
2[n{0/n}[ 2 [n{6/n}]
Now, using that e — 1| < 2Ju|/(1 + |u|) on u € R, we get (@I). O
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Lemma 8.2 Let p be a positive integer and f : R — Ry. Then, for any g € R,
q
/ Fn+-+yg) [[lwil? dyr---dyg =T x / f(s)|s|aHoTHhags (92)
RY paiey R
where, for alli € {1,--- ,q}, B; =i+ -+ B, and

q
r=J] </R |¢|7Bi1 — t\ﬁ“dt> .
=2

)

(We note that T' may be infinite in which case (92) holds with the convention oo x 0 =0).
Proof. This follows from Lemma 8.3 in Clausel et al) [2010]. O

Lemma 8.3 Letd € (0,1/2) and q be a positive integer such that ¢ < 1/(1—2d). Let My > 1.
Set for any a € R,

q
Jy(a; My d) = /R (1+[24(¢) —a])~ H ¢~ dc.
! i—1

Then one has

suﬂg(l + |a)t 902D (a; My;d) < oo . (93)
ac

In particular,
Jq(0; My;d) < oo,

and
Jy(a; My;d) = O(la|~079072d) 454 — o0 .

Proof. This follows from Lemma 8.4 of in IClausel et all [2010]. O

Lemma 8.4 Define, for all a > 0 and 51 € (0,1),
Jra(si;B1) = [s1]77, s1 €R, (94)

and, for any integer m > 2 and B = (51, -+ ,Bm) € (0,1)™

(m—1)a

a m
Ima(s1;8) = / / [ lsi-1— sl 7% [sml % dsp ... dsa,  s1 €R. (95)
s Sm==0 j_9

e ..
Then

(i) if b1+ -+ B > m — 1, one has

Con(B) = sup sup (|sy| =t g (s1:8) ) < oo,
a>0 s1eR
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(ii) if b1+ -+ B =m — 1, one has

Cn(B) =sup sup < = Jm,a(suﬁ)) < oo,

a>0 |s1|<ma 1+ log(ma/‘sll)

(11i) if there exists ¢ € {2,...,m} such that By + --- + By = m — q, one has

Cn(8) =sup sup

a>0 |s1|<ma

a—(q—l—(ﬁl-i-“'-i-ﬁq—l))
1+ log(ma/|s1|)

Jm,a(sl;/@)> < o0,

(i) if fr+ -+ Bm <m—1 and for all g € {1,...,m —1}, we have By + -+ B # m —q,
one has
Crm(B) =sup sup <a_(m_1_(51+“'+5m))Jm,a(sl;B)) < 00 .

a>0 |s1|<ma

Remark 8.1 We observe that Cases (ii),(iii) and (iv) can be put together as the following
formula, valid for all B € (0,1)™ such that 51 + -+ B < m —1,

s a1 i) 06)
- =sup su m,alS1; <00, 96
(B)=smp s\ T3 Togtmafsiye e

where € = 1 if there exists ¢ € {1,...,m} such that B+ -+ B = m —¢q, and e = 0
otherwise. We may also include case (i) as follows,

Cp(B) =sup  sup

a= (M= 1= (Bt b))t | g | (ML= (Bt 46m)) -
a>0 |s1|<ma

{1 +log(ma/[s1]) meﬁ0<m,@n

where € is as above, and a4 = max(a,0) and a— = max(—a,0) denote the positive and negative
parts of a, respectively.

Proof. Observe first that for all m > 1,

(m—1)a
Tma(s1: ) = / 152 — 51| Tt a(52:8) dss (98)

2=—(m—1)a
where 8 = (B2, ..., m). The bounds C,,(8) in the different cases will follow by induction on
m.
Let us first prove the result form =1and m=2. if m =1, 8 = 31 € (0,1) only satisfies
the condition of Case (i) and, since Ji 4 is given by (@4]), the result holds for m = 1. Assume
now that m = 2 and s; # 0 and set s3 = v|s1|. Then

a/ls1] dv
Joa(s1: B) = 1—(61+62)/ v 99
2.a(5158) = [s1] oflon| L= VP 0] (99)
In the case 81 + f2 > 1, we are in Case (i). Since fR H_y‘%ﬁ is finite, the required upper

bound holds. If 51 + 52 < 1, we are either in Case (ii) or (iv) and the result follows from the
following bounds valid for some constant ¢ depending only on £, if 51 + 82 < 1 and = > 1/2,

v dv 1
< —(B1+p2)
[ﬂrwwmm—“ !
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and, if 1 + 02 =1and z > 1/2,

v dv
/ A < C(1 +log(2x)) .

This prove the result for m = 2 because z = a/|s1| > 1/2.
Let us now assume that the result holds for some positive integer m — 1 and prove it for
m. We consider two different cases.

1. If 8 satisfies the conditions of Case (i), Case (ii), or Case (iv) then 3’ satisfies the
conditions of Case (i) or (iv). Then by (98)) and the induction assumption,

, (m—1)a ,
Jm7a(31; /8) S Cm—l(ﬁ/)a[m_2_2m71(ﬁ )]+ / ‘32_31’_61 ’82’_[27”71(6 )—(m—2))]+d82 ,

—(m—1)a

where 3., 1(8") = B2 + -+ + B and [z]+ = max(x,0). If ,,,_1(8") < m — 2 (so that g
satisfies (iv)), the conclusion follows from the following bound valid for some constant
¢ depending only on  and all x > |s1|/2,

T x/|s1]
/ |sg — 51| Prdsg = |81|1_61/ lu— 1)1 du < eat=P1 .
- —z/|s1]
Now if 3,,,_1(8) > m — 2, we observe that
(m—1)a )

/ ‘32_31‘—51‘82’—[62+...+Bm—(m— )}d32 — J2’(m_1)a(31;/81752+. A Bm—(m—2)) .

—(m—1)a
The upper bound of Jy, 4(s1; ) then follows from the case m = 2.

2. If 3 satisfies the condition of Case (iii), then 3’ either satisfies the conditions of Case (ii)
or (iii). The proof is exactly similar to this just above up to a logarithmic correction.

O

Lemma 8.5 Let S > 1 and (81, f2) € [0,1)? such that By + B2 < 1, and set g;(t) = [t| (1 +
t])% 5. Then

,Sjgfo) (1/ /R2(1 + v|{w + w2 }]) 21 (w1) g2 (w2) dw> < 0. (100)

Proof. Denote by J(v) the quantity in parentheses in ([I00]). We denote here by C' a positive
constant that may change from line to line, but whose value does not depend on v. Setting
u = w; + we in the integral with respect to w; and then integrating with respect to wo,
Lemma 8.1 in [Clausel et al. [2010] yields

T(v) < CV/ (14 v {ul) ™2 (1 + |u])~Sdu

u€R

Since the integral is bounded independently of v, J is bounded on compact subsets of [0, c0),
hence we may consider v > 2 in the remainder of the proof. We shall use the bound 1+ z >
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max(1,x) for > 0. Splitting the integral of the last display on the two domains defined by
the position of |[{u}| with respect to v=1, we get J(v) < C(J1(v) + J2(v)), with

Tw) = v / (1+ )™ du,
{u}|<v—1

and
To(v) = y—l/ a2 (14 [u))~5 du.
(|2

We have
2kn+v—1
Ti(v) = yz/ (1+ [u))~Sdu .
keZ 2kmr—p—1

For v > 2 the integral in the parentheses of the last display is less than 2071 (1/2 + |2kx|)~.
Since S > 1, we get that Ji(u) is bounded over the domain v > 2.

It remains to prove that Jy(v) is bounded for v large enough. We have, setting v = u—2km
for each k,

Jo(v) :y—lz/ | 72(1 + [2km +v]) ™% do.
keZ v=1<|v|<m

Now since
sup2(1/2 + |2k +v]) ™ < 00,
vER keZ

we get by inverting the integral with the summation,

Ja(v) < Cl/_l/ lv|72 dv .

v=I<|v|<m

Hence J5 is bounded over the domain v > 2, completing the proof. O

A Integral representations

It is convenient to use an integral representation in the spectral domain to represent the
random processes (see for example Major |[1981], Nualart [2006]). The stationary Gaussian
process { Xy, k € Z} with spectral density (2]) can be written as

T _ T LA px1/2 -
ng/ erl/z()\)dW()\):/ %_if?)dwm, (eZ. (101)

|
This is a special case of
Tlo) = [ a(@)i¥ (o) (102)

where /W() is a complex—valued Gaussian random measure satisfying, for any Borel sets A and
Bin R, E(W(A)) = 0, E(W(A)W(B)) = |AN B| and W(A) = W(—A). The integral (I02) is
defined for any function g € L?(R) and one has the isometry

E(|7(g)[?) = /R () 2dz .
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The integral I(g), moreover, is real-valued if g(z) = g(—z).
We shall also consider multiple It6—Wiener integrals

1"

f@) = [ a0 AT () - dT (3

where the double prime indicates that one does not integrate on hyperdiagonals \; = £X;,7 #
J. The integrals ]A'q(g) are handy because we will be able to expand our non—linear functions
G(Xk) introduced in Section [Il in multiple integrals of this type.

These multiples integrals are defined for g € ﬁ(Rq,C), the space of complex valued
functions defined on RY satisfying

g(—m,--- 7_xq) = 9(33‘1,"' 7$q) for ($17"' 733!1) € R? ) (103)
lgll2s = /R g, )y -+ day < oo . (104)

~

The integral Zl(g) is real valued and verifies Zl(g) = 1,(g), where

~ 1
g(xlf" 7$q) = azg(xo(l)f” 7330((])) :

Here the sum is over all permutations of {1,...,q}.

S Ui, Ga) e ifq=q
E(Iq<gl>qu<92>>={g<gl e (109

Hermite polynomials are related to multiple integrals as follows : if X = [ g(a;)dW(x) with
= [z 9*(z)dz = 1 and g(z) = g(—=) so that X has unit variance and is real-valued,
then

"

Hy(X) = T,(g%7) = /R gl gla)d I (o) - ATV () (106)

Since X has unit variance, one has for any ¢ € Z,

Hy(X,) = H, < /_ eifffl/%s)dW(s))

= / MOt s (F12(6) x - x [Y2(E,) ) AW (G) - dTV(S,) -
(_7"77‘—}(1
Then by (I7), we have

Wik =3 hS (yk — O Hey(Xe) = Iy (£12) (107)
LEZ

with
[0 &) = eRuEt ) s B (g b ) 2 (&) Y2 (EIE (), (108)
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because by (),
Zei€(£1+---+£q)h§K) (k=) = euk@t+&) §™ e—iu(£1+~~~+£q)h§K>(u)
LEL UEZ
= ka0 e )
The following proposition can be found in [Peccati and Tagqu [2011]. It is an extension to

our complex—valued setting of a corresponding result in Nualartl [2006] for multiple integrals
in a real-valued setting. We provide a proof for the convenience of the reader.

Proposition A.1 Let (q,q’_)e N2. Assume that f,q are two symmetric functions belonging
respectively to L2(RY) and L2(RY) then the following product formula holds :

L(N)Iy(g) = qi(%)l’p! (j)) @) Iyrg—2p(fB09), (109)

where for any p € {1,--- ,q N\ q'}
(f&pg)(t1, -+ tgrg—2p) = (2m)° f(tla"' g—p>8)9(tg—p+1, " s tgrq—2p, —8)dPs . (110)

Proof. We first assume that f and ¢ are of the form

f=®fhg=0®g2,

where f1, f2, g1, g2 belong respectively to L2(R?~P,C), L2(]Rq —?,0), L2(RP,C), L%(R?, C). In
that special case, using that for any ¢ > 0 and any f € LQ(R‘]) I,(f) = (2m)~ /27 (f), one
has

LN (9) = I(f1 @ f2)Iy (91 ® go)
= (2m) (a2 (f1®f2) (0 ® g2) -

The assumptions on functions f1, f2, 91,92 imply that their Fourier transform ﬁ,fg, 1,92
are real-valued functions belonging respectively to L2(R9~?,R), L%(R? 7, R), L?(R?,R) and
L2(RZ,R). Then one can apply the usual product formula for Ito integrals (see for exam-
ple Nualart [2006]) and deduce that :

ang'

L(Fi @ F2)1y (31 © G2) ZP‘( > < /> ra—2((F1® f2) @p (1 ® 32)) -
Note now that for any p

(]?1 ® ]?2) ®p (gﬁ & 9\2) = l(tly o atq—p)};(s)g\l (tq—p—l—la o ,tq+q’—2p)§\2(3)d8

= 1(t17”’7tq—p).é\l(tq—p+17"’ q+q 2p / f2 92

= fl(tl’ T vtq—p)gAl(tq—pH, T ’tq+q’—2p)/R f2(t)92(_t)dt )
D
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since go(t) = go(—t). Hence

s 28, G0 @) = ( [ 0204 ) % Lys-sF 0 )

—

_ ( | f2(t)92(—t)dt> < Lpvgnn(L 8 91)
_ ( s f2(t)92(—t)dt> X (2m) T 2T (@ gy)

We thus get the claimed results for this special case. The conclusion for general f and g
follows using the density of L?(R?"P,R) ® L?(R?,R) in L?(RY,R). O
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