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SIMPLICIAL HOMOLOGY OF RANDOM CONFIGURATIONS

L. DECREUSEFOND, E. FERRAZ, H. RANDRIAMBOLOLONA, AND A. VERGNE

ABsTRACT. Given a Poisson process on a d-dimensional torus, its random
geometric simplicial complex is the complex whose vertices are the points of
the Poisson process and simplices are given by the Cech complex associated
to the coverage of each point. By means of Malliavin calculus, we compute
explicitly the nth order moment of the number of k-simplices. The two first
order moments of this quantity allow us to find the mean and the variance
of the Euler caracteristic. Also, we show that the number of any connected
geometric simplicial complex converges to the Gaussian law when the intensity
of the Poisson point process tends to infinity. We use a concentration inequality
to find bounds for the for the distribution of the Betti number of first order
and the Euler characteristic in such simplicial complex.

1. MOTIVATION

As technology goes on [13, 14, 17], one can expect a wide expansion of the
so-called sensor networks. Such networks represent the next evolutionary step
in building, utilities, industrial, home, agriculture, defense and many other con-
texts [4]. These networks are built upon a multitude of small and cheap sensors
which are devices with limited transmission capabilities and power. Each sensor
monitors a region around itself by measuring some environmental quantities (e.g.,
temperature, humidity), detecting intrusion, etc, and broadcasts its collected in-
formation to other sensors or to a central node. Two questions are of paramount
importance: can information be shared among the whole network, is the whole
region totally monitored?

Several researches have recently been dedicated to this problem considering a
variety of situations. One can distinguish three main scenarios: those where it is
possible to choose the position of each sensor, those where sensors are arbitrarily
deployed in the target region with the control of a central station and those where
the sensor locations are random in a decentralized system. In many cases, placing
the sensors is impossible or implies a high cost. Sometimes this impossibility comes
from the fact that the cost of placing each sensor is too large and sometimes the
network has an inherent random behavior (like in the ad-hoc case, where users
move). In addition, this policy cannot take into account the configuration of the
network in the case of failure of some sensor. The drawback of the second scenario is
a higher cost of sensors, since each one has to communicate with the central station.
Besides, the central station itself increases the cost of the whole system. Moreover,
if sensors are supposed to know their positions, an absolute positioning system has
to be included in each sensor, making their hardware even more complex and then
more expensive. It is thus important to investigate the third scenario: randomly
located sensors, no central station. Actually, if we can predict some characteristics
of the topology of a random network, the number of sensors (or, as well, the power
supply of them) can be a priori determined such that a given network may operate
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FIGURE 1. From left to right. a) Sensors and their coverage; b)
simplicial complex representation when sensors are monitoring the
region; c¢) simplicial complex representation when sensors are com-
municating among them.

with high probability. For instance, we can choose the mean number of sensors
such that, if they are randomly deployed, there is more than 99% of probability the
network to be completely connected.

Usually, sensors are deployed in the plane or in the ambient space, thus math-
ematically speaking, one has to deal with configurations in R2, R? or a manifold.
The recent works of Ghrist and his collaborators [8, 6] show how, in any dimension,
Oalgebraic topology can be used to compute the coverage of a given configuration
of sensors. Trying to pursue their work for random settings, we completely solved
the problem in one dimension in [7] by basic methods inspired by queuing theory,
without using the forthcoming sophisticated tools of algebraic topology. Since we
cannot order points in R?, it is not possible to generalize the results obtained in
this earlier work to higher dimension.

A simplicial complex is a generalization of a graph: while we represent a graph
with points and edges, a simplicial complex can be represented by points, edges,
filled triangles, filled tetrahedrons and so on. It is usual to intepret € as the radius
of monitoring but a different interpretation can be given if the sensors are commu-
nicating among them. In this case, we suppose that sensors have a power supply
allowing them to transmit theirs ID’s and, at the same time, sensors have receivers
which can identify the transmitted ID’s of other sensors above a threshold power.
The sensors, knowing mutually the ID’s of the close neighbors, are considered con-
nected, creating an information network. The problem remains analogous as the
previous one, except that we substitute the coverage radius € by a communication
one of €/2. We can see examples of simplicial complexes representations given by
sensors communicating among them or monitoring a region in Fig. 1.

In this work we consider that sensors are the atoms of a Poisson point process.
Instead of the Euclidean norm, we use the maximum norm along this paper. We
consider this for three reasons: this norm represents a superior and an inferior
limits for the euclidean norm (we can inscribe and circumscribe a circle with two
squares); due to the random interactions with the environment (causing shadowing
and fading), even the euclidean norm cannot capture with precision the real behav-
ior of this kind of sensor networks, so we choose the norm that allows us to simplify
the calculations; using the maximum norm, the Cech complex becomes equal to
the Rips-Vietoris complexes, which allows us to apply directly some results of the
algebraic topology. Finally, we assume that sensors lie over d-torus with sides a,
T<. This choice was motivated by three factors: it avoids the side effects, it helps
to determine weather or not a sensor network in the d-box is completely covered
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and if € is small compared to a, the calculations for all parameters in the d-torus
are a good approximation for the [0, a]? box.

[0,a] x [0,a]

i ®

FIGURE 2. Illustration of the coverage of a point and the region
where points can lie, in the 2 dimensional case.

When we were writing this paper, we were informed about [12]. Though there
are certain similarities between our work and that of Kahle, we would like to point
out the differences. In [12], the number of points is fixed and the positions are
i.i.d. random variables in the plane. It does not differ very much from a Poisson
point process where the number of points is random. However, for our initial
motivation, Poisson process fits better since due to failures or movements, we don’t
know at each time the number of sensors. Moreover, Kahle is only concerned with
asymptotic regimes of the mean value of the Betti numbers. We do give exact
formulas for any moment of the number of simplices. Using the Morse inequality,
we can then deduce the asymptotic regimes for the Betti numbers as in [12]. By
using Malliavin calculus, we can evaluate the speed of convergence in the CLT
and give a concentration inequality to bound the distribution tail of the first Betti
number.

The paper is organized in the following way: Sections 2 and 3 are primers on
algebraic topology and Malliavin calculus. In Section 4, the average number of
simplices and the mean of the Euler characteristics are computed. Section 5 applies
the Malliavin calculus in order to find the explicity expression of second order
moments of the number of k-simplices and the Euler characteristic. Using the
same solving strategy of the preview section, Section 6 finds the expression for the
nth order moment of the number of simplices. Section 7 is devoted to asymptotic
analysis: We prove a central limit theorem valid for any finite simplex and we
use concentration inequality to estimate the distribution queue of the number of
simplices of any order.

2. ALGEBRAIC TOPOLOGY

For further reading on topology, see [10, 1, 15]. Graphs can be generalized
to more generic topological objects known as simplicial complexes. While graphs
model binary relations, simplicial complexes represent higher order relations. Given

a set of points V, a k-simplex is an unordered subset {vg, v1, -+, vx} where v; € V
and v; # v; for all ¢ # j. The faces of the k-simplex {vg, v1, - -+, v} are defined as
all the (k — 1)-simplices of the form {vo, -+, vj_1, vVj41, - -+, ve} with 0 < j < k.

A simplicial complex is a collection of simplices which is closed with respect to the
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inclusion of faces, i.e., if {vg, v1, - -+, vg} is a k-simplex then all its faces are in the
set of (k — 1)-simplices.

Given U = (U,, v € T) a collection of open sets, the Cech complex of U de-
noted by C(U), is the abstract simplicial complex whose k-simplices correspond
to (k 4 1)-tuples of distinct elements of U that have non empty intersection, so
{vo, v1, +-+, vk} is a k-simplex if and only if ﬂi‘c:o Uy, # 0.

One can define an orientation for a simplicial complex by defining an order on
vertices. A change in the orientation corresponds to a change in the sign of the
coeflicient as

[UOa"'avia"'ana"'avk]:_[UOa"'avja"'avia"'avk‘]'

For each integer k, Cy(X) is the vector space spanned by the set of oriented k-
simplices of X. The boundary map 0, is defined to be the linear transformations

Ok : Cx — Cik_1 which acts on basis elements [vg, - - -, v] via
k
8k[1}0, Tty ’Uk] = Z(*l)k[’L)Ov oty Ui—1, Vi1, m 00y ’Uk].
i=0

Examples of such operations are given in Fig. 3.

v v
vy vy \.
v . o J (e
vy g ] 5
/-\. b4 %0

Yo U2

0] U2 Vo V2 Filled Empty

Se|
Se+

Hon v, s

[vo, v1,v2] —2 [v1, 03] — [v0, 2] [o0, 01, v2,05] <2

]
~[vo, vz, 5]
+[vo, v1, vs]

]

[vo, v1] + [v1, v2] N [va] — [vo] +[vo, v1] ~[vo,v1, 2
FI1GURE 3. Examples of boundary maps. From left to right. An

application over 1-simplices. Over a 2-simplex. Over a 3-simplex,
turning a filled tetrahedron to an empty one.

This map gives rise to a chain complex: a sequence of vector spaces and linear
transformations

29 O (X)) 28 (X)) 25 O (X) - 2 01 (X) 25 Cp(X).
A standard result then asserts that for any integer k,
O 0 Ogy1 = 0.
If one defines
Z = ker Oy and By = im0k1,

this induces that By C Zj.
The k-dimensional homology of X, denoted Hy(X) is the quotient vector space,

_ Z(X)
By(X)

and the k-th Betti number of X is its dimension:

Hy(X)

ﬂk = dlIIl];I]c = dimZk — dnan



SIMPLICIAL HOMOLOGY OF RANDOM CONFIGURATIONS 5

Cr+1 \ Cr—1
OES
Nl

FIGURE 4. A chain complex showing the sets C), Zy and Bj.

Let s be the number of k-simplices in a simplicial complex X. The well known
topological invariant named Euler characteristic for X, denoted by x(X), is an
integer defined by:

XX) = S (- 1)B.

i=0
A well known theorem states that this is also given by:

X(X) = (=1)'ss.
i=0
The simplicial complexes we consider are of a special type. They can be considered
as a generalization of geometric random graphs.

Definition 1. Given w a finite set of points on the torus. For e > 0, we define
U.(w) = {Ba,_(v,€),v € w} and Cc(w) = C(Uec(w)), where By _(x, 1) = {y €
TG, |z =yl <1}

Theorem 1. Suppose € < a/4. Then C(w) has the same homotopy type as Ue(w).
In particular they have the same Betti numbers.

Proof. This will follow from the so-called nerve lemma of Leray, as stated in [19,
Theorem 7.26] or [3, Theorem 10.7]. One only needs to check that any non-empty
intersection of sets By__ (v, €) is contractible.

Consider such a non-empty intersection, and let = be a point contained in it.
Then, since € < a/4, the ball By__(x, 4€¢) can be identified with a cube in the Eu-
clidean space. Then each B,__ (v, €) containing x is contained in B,__ (x,4¢), hence
also becomes a cube with this identification, hence convex. Then the intersection
of these convex sets is convex, hence contractible. [l

Definition 2. Let w be a finite set of points in T§. For any € > 0, the Rips-
Vietoris complez of w, Re(w), is the abstract complex whose k-simplices correspond
to unordered (k + 1)-tuples of points in w which are pairwise within distance less
than € of each other.

Lemma 2. For the torus ']I‘g equipped with the product distance doo, Re(w) has the
homotopy type of the Cech complex Cac(w)

The proof is given in [8] in a slightly different context, but it is easy to check
that it works here as well. It must be pointed out that Cech and Rips-Vietoris
simplicial complexes can be defined similarly for any distance on T¢ but it is only
for the product distance that the homotopy type of both complexes coincides.

By Lemma 2, k points are forming a (k — 1)-simplex whenever they are two-
by-two closer than 2¢ from each other. We define along the paper h(vq,--- ,vk)
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as
h(’l}l,"' ,Uk) - hk(vla"' ,'Uk)
= JI  tiwi-vi<2e;
1<i<j<k

which determines if a set of k distinct ordered points generates a (k — 1)-simplex.

Proposition 3. Let w € T be a set of points, generating the simplicial complex
Ce(w). Then, if i > d, B;i(w) = 0.

Proof. By Theorem 1, C.(w) has the same homology as U.(w). But U.(w) is an
open manifold of dimension d, so its Betti numbers f3;(w) vanish for ¢ > d, see for
example [9, Theorem 22.24]. O

Proposition 4. Let w € T be a set of points, generating the simplicial complex
Cc(w). There are only two possible values for the d-th Betti number of Cc(w):

i) Ba =0, or
ii) Ba=1.
If the second holds, then we also have x(Cc(w)) = 0.

Proof. By Theorem 1, C.(w) has the same homology as U(w). Now, U (w) is an
open submanifold of the torus, so there are only two possibilities:

i) U.(w) is a strict open submanifold, hence non-compact

i) Ue(w) =T
In the first case, B4(w) = 0 by [9, Corollary 22.25]. In the second case C.(w) has
same homology as the torus, hence f4(w) =1 and x(w) = 0. O

2.1. Application to sensor networks. We now interpret the topological prop-
erties of simplicial complexes in terms of connectivity and coverage. In terms of
coverage in a network, a 0-simplex represents a single sensor and the existence of
a k-simplex means that the (k 4 1) points of this simplex are covering the convex
hull containing those points. We can see in Figure 1, examples of some simplices
and their interpretation in terms of sensor networks.

In a very intuitive fashion, the number of k-simplices itself shows some tendency
in the network: if in two networks with identical number of sensors, one of them has
more 1-simplices than the other, this first one has a tendency to be more connected;
by the same reason, if a network has more 2-simplices than another one, the region
on the first case tends to be more strongly covered.

In a more sophisticated way, Theorem 1 formalizes that, in order to determine
coverage of sensors, it suffices interpret them as Cech complexes. Unfortunately, a
moment of thought shows that constructing the Cech complex cannot be done by
pairwise only communications between sensors. Thus, the only complex that can
be computed this way is the Rips-Vietoris complex.

An interpretation to Euler characteristic is given by Proposition 4, where we see
that x = 0 is a necessary condition to have a complete coverage of the torus, and
B4 = 1 is a necessary and sufficient condition. This could in turn translate into
conditions for coverage in [0, a]? when considered as embedded in Euclidean space
(i.e., not as a torus), but then one needs to be careful about border effects. For
example, one can say that 34 = 1 is a sufficient condition for coverage of [e, a — €]?.

3. STOCHASTIC MODEL

3.1. Poisson point process. To characterize the randomness of the system, we
consider that the set of points is represented by a Poisson point process w with
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Sensor network coverage Cech complex representation

)

U1
*r—0
U1 V2

V1 (%]
U3
U1 V2
U3
V2
V4 é U3
U1

TABLE 1. Topological representation of the coverage of a sensor
network. Each node v represents a sensor. From top to bottom,
the highest order simplex is a vertex, an edge, a triangle, three
edges, a tetrahedron.

intensity A in a Polish space Y. The space of configurations on Y, is the set of
locally finite simple point measures (cf [18]):

QY = {w = zn:(?(xk) C(x)iSp CY, neNU {oo}} ,
k=0

where §(x) denotes the Dirac measure at * € Y. Simple measure means that
w({z}) <1for any z € Y. Locally finite means that w(K) < oo for any compact K
of Y. Tt is often convenient to identify an element w of QY with the set corresponding
to its support, i.e., > ,_, 6(zy) is identified with the unordered set {z1, - -+, z,}.
For A € B(Y'), we have d(xx)(A) = 1[5, ca], 5O

w(A) = Z 1€ :/ dw(z),

TpEW A

counts the number of atoms in A. The configuration space QY is endowed with the
vague topology and its associated o-algebra denoted by FY. Since w is a Poisson
point process of intensity \:
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i) For any A, w(A) is a random variable of parameter AS(A4), i.e.,

s (AS(A)E
P(w(A) = k) = e MW

ii) For A" € B(Y), for any disjoints A, A’, the random variables w(A) and w(A")
are independent.

Along this paper, we refer Ey [F(w)] as the mean of some function F' depending
on w given that the intensity of this process is A and Pylw € Y] = E) [1[w€yﬂ.
The definitions of V) [F(w)] and Cov)y [F(w), G(w)] are straightforward. Define
A, ={(z1,- ,xn) €Y™ | 2; # x;,Vi # j}. Let f(x1,---,z,) be a measurable
function and let F'(w) be a random variable given by

F(w>: § f(zla"'v'rn):/ f('rla"' ,In) dW(:Cl) dw(xn)v
T, €wNA,1<i<n ANAn
Ty

A well known property of the Poisson point processes [5] states that

By [F@)] = [ o) dAan) -+ ).
A
A real function f : Y™ — R is called symmetric if

f('ro'(l)v ) za(n)) = f(zla T SCn)

for all permutations o of &,.The space of symmetric square integrable random
variables is denoted by L?(\)°". For f € L?(\)°", the multiple Poisson stochastic
integral I,,(fy) is then defined as

In(fn)(w) :/A fa(ar, =) (dw(zr) = dA(z1)) - (dw(zn) = dA(zn)).

If f, € L>(A\)°" and g,,, € L*(\)°™, the isometry formula
(1) Ex [Ln(fn)Im(gm)] = n!l[m:n] <fna9m>L2(/\)°"
holds true (see [18]). Furthermore, we have:

Theorem 5. Every random variable F € L*(QY, P) admits a (unique) Wiener-
Poisson decomposition of the type

F=Ey\[F]+ ) I.(fa),

where the series converges in L?(P) and, for eachn > 1, the kernel f,, is an element
of L>(\)°™. Moreover, we have the isometry

o0

(2) IE = Ex[F] 720000 = D 0l falfoge, yon-

n=1

For f, € L3(\)°" and g, € L?(\)°™, we define f, ®L g, 0 <1 <k, to be the
function:

(3) (yl+1a"' s Yny Th4-1, ,Z'm) —
/L fn(ylv ;yn)gm(yl, yYky Lh41y " 7:C’m) d)\(yl) dA(yl)
Y

We denote by f,, oﬁc gm the symmetrization in n +m — k — [ variables of f, ®§c Gms
0 <1 < k. This leads us to the next proposition, shown in [18]:
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Proposition 6. For f, € L*(\)°" and g, € L*(\)°™, we have

2(nAm

)
In(fn)lm(gm): Z In-l—m—s(hn,m,s);
s=0

n\ [m ) -
hnm5: ! . . . n . m
P YL O () ey

$<2i<2(sAnAm)

belongs to L2(\)°"T™m=s 0 < s <2(mAn).

where

In what follows, given f € L?(\)°? (¢ > 2) and t € Y, we denote by f(*,t) the
function on Y971 given by (21, ,x4-1) —> f(z1, -+ ,Tq-1,1).

Definition 3. Let Dom D be the the set of random variables F € L?(P) admitting
a chaotic decomposition such that

o0
> qd!l|fall® < oo
n=1

Let D be defined by
D : DomD — L*(QY x Y, P x \)
F=E\[F]+ Y In(fn) — DeF = nly_1(fa(*.t)).

n>1 n>1
It is known, cf. [11], that we also have
DiF(w) = F(wU{t}) — F(w), dP x dt a.e..

Definition 4. The Ornstein-Uhlenbeck operator L is given by
LF ==Y nl(fa),
n=1

whenever F € Dom L, given by those F' € L>P such that their chaotic expansion
verifies

o0
> P fall? < o0

n=1

Note that Ey [LF] = 0, by definition and (1).
Definition 5. For F € L?(P) such that Ey [F] =0, we may define L= by

L7 FP=->" %In(fn).

n=1

Combining Stein’s method and Malliavin calculus yields the following theorem,
see [16]:

Theorem 7. Let F € Dom D be such that Ex [F] =0 and Var(F) = 1. Then,
dw (F, N'(0,1)) < E, H1 - / [DyF x D,L™'F] d)\(t)H
Y

+/ E, {|DtF|2‘DtL_1F” dA(t).
Y

Another result from the Malliavin calculus used in this work is the following one,
quoted from [18]:
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Theorem 8. Let FF € Dom D be such that DF < K, a.s., for some K > 0 and
HDFHLQO((LLZ(Y)) < 00. Then

T zK
4 P(F—-E,\[F|>=x Sexp<—10g<1+ >)
@ ( [F] o) 2K | DE|| Lo (,L2(v))
Proposition 9. Let X a compact subset of R% and consider the map 7 : X =Y
as x; = ky; for x; € X, y; € Y and k a positive real constant. Denote by T.w the
image measure of w by T, i.e., 7. : QX — QY maps

w:i(S(xi) to T*ié(kl'i>.
i=1 i=1

The application 7. : QX — QY maps the Poisson measure A on QX to the Poisson
measure A, = )\/kd on QY. Moreover, if e, is the distance in Y such that two
points will be connected, the homology of the two simplicial complezxes Ce(w)we’ﬂ‘f‘]

and Ce, (T*W)T*weTEL . are the same for any k if A, = M\/k? and e, = ke.
Proof. A slightly changing on Propositions 6.1.7 and 6.1.8 of [18] is enough to show

that 7. maps the Poisson measure A on Q¥ to the Poisson measure A\, = \/ k¢ on
QY. Then, it suffices to realize that for z; € X and for y; € Y

h(zy,---,x,) = H Lz -2, <2¢]
1<i<j<k
= H L kws — k|| <2ke]
1<i<j<k
hence
Moo = T Liwewi<ees
1<i<j<k
which concludes the proof. (I

4. FIRST ORDER MOMENTS

Consider that a Poisson point process w generates a Cech complex C. (w), and,
even though the number of k-simplices, the Betti’s number and the Euler charac-
teristic are functions of C.(w), we denote them, respectively, Nji11(Ce(w)) = Niy1,
Bi(Ce(w)) = Br and x(Cc(w)) = x. In this section, we evaluate the mean of the
number of k — 1-simplices, Ey [V;] and the mean Euler characteristic, Ej [x].

Theorem 10. Let e < a/6. Then, the mean number of (k—1)-simplices Ni(Cc(w))
s given by

)\k(ak(Qe)k’l)d.

B [Ni] = k!
Proof. If (u;1,---,u;q) represents the coordinates of a point v;, we can separate
the indicator function as follows:
d
Lo, —uyli<ze = ] Ligiuni—usal<2et0tiuni—ugl>a-26))-
=1

The number of (k — 1)-simplices can be counted by the expression:

1
Nk:H Z h(’Ul,-'-,’Uk).

V1,V EW

viFv; if i#j
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Since w is a Poisson point process of intensity A, for a borel sets A;, ¢ integer we
have:

E, Z h(vy, -+, oK) :)\k/ / h(vy, -+ o) doy ... dog.
A Ap

V1, VR EW

viFv; if i#j
Taking %h = f, A; = T? and defining
{Jz; — x| < 2e} U{|z; — ;] > a — 2¢} = de(s, 5),

we have:

/\k
E)\[Nk]: %l /Ed~~~/ h(’l)l,“-,’l)k) d’Ul... d’Uk

/\k
= k;| H/ / H l[de(ui,huj,l)] dulyl... dukﬁl
0

1<i<j<k
d
)\k
(5) = F / / H 1[d€(xi7x].)] dxy... dzg
' 0 1<i<j<k
)\k
=7 / / La. (wrmp-1)] - / H Ld, 21,2k )] -
’ i=k—m-+1

m integrals

d
(6) / Hld (11,11)] d:L'l d:Ck) .

Since 6e < a, the integration region is convex (see Fig. 5).

FIGURE 5. a) Maximum cover in T, and € = a/6. The red region
shows the cover of a point vy, the blue region is the cover of v,
and the green region is the cover of vy. b) Maximum cover in the
same conditions of a) when ¢ = a/5. In this case, we the three
covers intersect each other pairwise, but there is no intersection of
the three covers.
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Then, we can rewrite the integral in Eq. (6) as

a a a k
/ / l[de(lkawk—l)] o / H l[de(mi,am)] dzy... dzg =
o Jo 0 s
< zip+2e pmin(xg,rr—1)+2€ min(zg, - ,x2)+2€
// / dzy ... dzg.
A zr—2¢ Jmax(xk,rr—1)—2€ max(zg, - ,T2)—2€
Then, consider a subset of the integration region [0,a]? of Eq. (7), defined as

A1 2,... g, such that 3 > x; > ... > z;. In this case, we can write the inte-
gral over Ay o ... ; as:

mt2e  pmin(ag, @) e
// / 1[Ii2xj if 1<j] d.’L'1 . d,CCk =
wn=2e Jmax(ar, - w2)-2e

x+2€ T +2€ x+2€
// / / dzy ... dzg.

For 0 € &, we denote by A, the set A,(1), ... o). Then,

U 4, =10,q)"

ceSy

Moreover, since the function h(zy, ---, xx) is symmetric, we can exchange the
integration variables in the integral of Eq. (5) without changing its result. As a
consequence, if o € Gy,

/ / H g, (@i, ;)] dzy ... dxy 7/ / H Yia, (@i, 2,01 dx;, ... dzy,.

1<i<j<k 1<i<j<k

Thus, we have

/ / H l[de(zi,ﬂcj)] d:Cl cee dl‘k
0 1<i<j<k
— Z / / H [de(zi, ;)] d:L'“ . day,

gEG), 1<i<j<k
= k' / / H l[d (mej)] d.fCl dl'
1<i<j<k

T +2e€ Tr+2€ T +2e€
*k'// / / dzy ... dzyg.

Then, by the change of variables y_; = (x—; — x1)/2€ for i = 1,k, we get:

T +2€ x+2€ T +2€
k'// / / dzy... dop =
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The integral in the right-handed term is evaluated substituting all y; for y, — 1, so

a 0 0 0
(8) (Qe)k_lk!/ / / / dyi ... dyp_q dog =
0 J-1Jy; Y3

k—1
(26)k_1k!a(k — = a(2¢)F k.
Finally, plug Eq. (8) into Eq. (6) to obtain:
N (ak(2€)F—1)e
By V] = HECL S
and thus the proof is complete. (I

Remark. The possibility of writing Ey [Ni] as Eq. (5) is due the fact that we use the
maximum norm. This simplifies the calculations since we can treat each component
individually. However, considering the Euclidean norm it is still possible to find a
closed-form expression for E [N2] and Ej [N3] when we consider the Rips-Vietoris

complex in T2. These expressions, obtained after solving some integrals, are given
by:

m(aie)?

BNy = T2
3v3\ Aa2et
E\[Ns] = 7T<7TT> .

Consider now the Bell’s polynomial Bgi(z), defined as (see [2])

where n is an positive integer and

—N

Z} is the Stirling number of the second kind.
An equivalent definition of B,, can be:
= zkEd

B,(z)=e"" o

k=0

Theorem 11. Let € < a/6. The mean of the Euler characteristic mean of the
simplicial complex Cc(w) is given by

aNt _y(g0d
B = (52) e (=Ba(-A20)").
Proof. Since
k—1
1 . _ NF
N < 7 H(Nl —J) < k_}’
s !

then

;Nk Skz:;k—} :eNl.
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As Ej [eM'] < oo, we have Ey [— Y07 (-1)* Ny | = =377 | (-1)FE, [V] and

&m=&—:fMWJ
SR N
o i( a2
e i A1

ae 2RI | LS (A (26)T)Fk
= o ot § A TR

= (&) e (Ba(-A29Y)
The proof is thus complete. (I
If we take d =1, d = 2 and d = 3, we obtain:
Ex [\ (Ce(w))wer,, = ade ™,
A (] (Ce(@)uerz, = a*2e 39" (1 - A(26)%).

[a2]

B[] (Ce(@))wers, = a®Ae P9 (1-3X(20)° + (A(20)°)?) .

Remark. For ¢ a positive real, Ey [x] is invariant under the transformation A’ = \/¢,
¢ = ce and @’ = ca. Taking ¢ = 1/2¢, we obtain:
B[] = a"e™ (=Ba(=)\)).
Hence, the mean depends actually only on @’ and .
The following result is well known.

Lemma 12. If By(x) is the Bell’s polynomial and for d > 1, the following relations
are valid:

d _ Bani(z)

%Bd(x) - — Bd(l'),

(e Bafa) = S Bai(a),

According to these relations, it is routine to prove the following theorem.

Theorem 13. The function (A — Ey[x]) has exactly d non-negative real roots.
Moreover, between each consecutive roots and after the last one, there is exactly
one critical point.

We can see by the expression of Ej [x] that this quantity tends to 0 as A tends
to infinity. This convergence is due the fact that the Euler characteristic of the
Cech complex of the cover tends to the Euler characteristic of the d-Torus where
the points are deployed. This is shown in the following theorem.

Theorem 14. The Betti numbers of C(U.) converge in probability to the Betti
number of the torus as \ goes to infinity:

P, <(d] (@-(CG) - Bi('JI“[ia]))> 2200,

=0
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Proof. Let n < €/2, by compacity of the torus, there exists a finite collection of
balls 8 of radius 7 covering ']I“[ia]. Since 1 < €/2, if x belongs to some ball B € B

then B C B(z, €), hence

M @(B) #0) c (Z/le(w) - Tfa]) .

BeB
Thus,

PAW&A#WOSPA<UONEZW>

BeB

< Kexp(=A(2n)?) ===

Moreover, by the nerve lemma

d
(telw) = T8)) < () (B = BuCTEy) ) |
i=0
and the result follows. O
The following lemma is straightforward.

Lemma 15. Let k1, ko and k3 be real positive constants and f : Ri — R defined

as
kl — T (kl — .T)kg
= — 1 14 e .
f(z,y) eXp( o og( + "o ))

Then, for ky —x > 0, the function is strictly increasing with respect to x and with
respect to y.

Theorem 16. For y > Aa?, we have

— Aa? — Aa?
Pr(Bo > y) <exp (_y 5 10g(1+(2ydil)2>\)).

Proof. To apply Theorem 8, we need to evaluate max(DSo) and || DBol| L (0,2(v))-
Since there are more points than connected components, Ey [3o] < Ex [No] = Aa.
According to the definition of D, max(Dfp) is the maximum variation of 5y induced
by the addition of an arbitrary point. If this point is at a distance smaller than
e from w, then DBy < 0, otherwise, D3y = 1, so max(Dfy) = 1. Besides, this
added point can join at most two connected components in each dimension, so in
d dimensions it can join at most 2¢ connected component, which means that D/
ranges from —(2¢ — 1) to 1, and then

| DBoll o< (0,r2(v)) < Amax |Dfg|* = A(2% — 1)

Using Lemma 15 and Theorem 8, we get:

— Aa? — Aa?
PA(ﬂOZy)SeXP(y 5 log (1+(2?{d_71)2)\)),

for y > Xa? > Ey [Bo]. O

5. SECOND ORDER MOMENTS
We use all the definitions of the previous section.

Lemma 17. We can rewrite Ni as

k
1 k ,
N, = — Ne—ir h(z, ..., dri ... deg_; | .
K k';(z) (/(Tg)i (71 zy) dry k )
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Proof. We have that

/ h(zy, - ,2k)( dw(zr) = A daq) ... (dw(z;) — A da)\ dagqq ... A dag
Ay

=Y (—1) (Z) / h(z1, - o) dw(zr) ... dw(xj) dejpq ... A dog.

Thus, after some algebrism with the binomial factors, we have

()5 ()

/ h(zi, -, or) dw(zr) ... dw(zj)A dzjpr ... A dag
i=0 j=0 A

k

1
= h(l'l,' o 7:Ck) dW(SCl) . dw(:ck) = Nk7
K,

concluding the proof. O

Definition 6. Let C; and Co be two simplices with common vertices. For L €
P({1,2}), let us denote my, the number of vertices belonging exactly to the list L of
simplices.

Then M = mio + mq + mg is the total number of vertices and Jo represents the
integral on these two simplices:

j?(mIQ; mlva) = / / hm12+m1hm12+m2 dCCl e dZ'M
A A

miz+my mi2+ma

with x1,--- ,xp being the M wvertices.

Lemma 18. Ford=1 and e = 1/2, we have
2m1m2

9 - Zmams
(9) J2(ma2,m1, me) = mag +mq +m2+m12+1

Proof. Let us split the integration domain of J5 in two domains S; and Ss corre-
sponding to the cases:

(1) All the vertices are connected with each other, thus there is only one sim-
plex. The integral on S; is simply the number of points in the simplex:
M = mq2 +mq + mo.

(2) There are at least two vertices at distance d > 1, which leads to two
simplices. By symetry we can choose to order the mj vertices for each
L € P({1,2}) from lowest to greatest or the opposite and choose which
simplex is on which side of the axis. Thus we have the integral on S, equal
to 2mqz!my!msl A, with A an integral whose calculation is detailed below.

We choose to enumerate the vertices of the simplexes such that:

® Iy, - ,Tm,, are the mia common vertices.
® Tii,tl, y Tmyatm, are the my vertices of only C;.
® Touotmi+1, , o are the my vertices of only Co.

Without loss of generality we can choose the origin to be x1. The vertices are now
order as described in Fig. 6:

ngmlz §$m1271 S"'S.TQSI,
-1 S T2 — 1 S Tmia+1 S Tmyo+2 S e S Tmyo+my S Tmia+1 + 1)

Tmistl < Tmpptma+1 — L <2y STpo1 S0 S Ty g +1 < 1
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TmMm T Tmigtm, +1

FIGURE 6. Example of relative positions of the points

Let us denote J, (f)(z) = [ f(u) du then we write the composition J? (Hx) =
f; fau f(v) dv du. We also denote m = mjs + 1 and n = mia + m1 + 1, then we
have:

0 1
A= / I W az) [ I W) [ I 1)) da di da

2—1

We easily find that:

mio—2
(m12—2) Lo
J, 1 =
0 ( )(1‘2) (m12 — 2)|7
1
— 7D (1) (@,
W) =
(ma=1) L
1)(zn
Jznfl ( )(:L' ) (m2 - 1)|
Thus we have:
1 1 ) 0
A = / 2T / —z,, dz,, dz
(mia — 2)!(my — 1)!(mg — 1)! 2 - 2
1
- (m1 — 1) (m2 — 1) (m12 + 1)
concluding the proof. (I

Theorem 19. Let € < a/6. Then, the covariance between the number of (k —1)-
simplices, N, and the number of (I — 1)-simplices, Ny, for | < k is given by

(10) COU)\ [Nk,Nl]

S 1 i (a\? ik =140\
:;z’!(k—l—l—i)!(l—i)!()\(2€)d)k+ (2_6) (’”ZHW)

Proof. We want to evaluate Ey [(N; — Ey [Ng])(N; — Ex [V;])]. By Lemma 17, this
can be written as

E,

%i(l)v L ( ,zlj()x 0 ( )1

i=1

where

fj":/ h(vi, -+ ,on) dor ... dop—;.
(Td)J
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Using the isometry formula, given by Eq. (1), we have

Con i) = i 3 (1) (D)o 1.8 1.0

1 < (K /1 .
T 2 (z) (z) AR fi e oges
=1
-1 1
— k—142i/ ¢k l
() B Zi!(k—lJri)!(l—i)!)\ i ey

Hence, we are reduced to compute

<fjl»cf]l<>L2()\)o(j) = / v / ) h(’Ul, cee ,’Ul) dvj+1 . d’Ul
(T3)7 \J(Tg)!—I

/ h(vi, -+ oK) dvjgq ... dvk>)\dv1...)\ dv;.
(Td)k—7

Since a > ¢/6, we have

<f_]]‘cfgl‘>L2()\)0(j) = / A dvl/ h(0, v, -+ ,v1)
[0,a]¢ ([0,a]4)k—1

X h(0,vg, -+ 05,07, ,v_;) dvp_j ... dvy dog. .. duj A dvj... A des.

Moreover, if v; = (uj1,- -+ ,u;q4) and v; = (uj;,- - ,u; 4) and we proceed to the
following substitutions:

W41 = 261‘1' if 2 S ) S j,
w1 = 2eyp_j;if j+ 1< <k,
u;,l = 2ezif1<i<l—3j,

This results in a Jacobian (2¢)¥+=21~1 and we recognize the integral to be exactely

J2(j,k — j,1 — j) as defined in Definition 6. Thus, we have:

(FF D 2yem = Nt (2€) T2 (T, k — 1 — iNe.
Finally, using Eq. (9) and Eq. (11) gives the result. O

Remark. We remark that the possibility of writing Var(Ny) as Eq. (10) is due the
fact that we use the maximum norm. This simplifies the calculations since we can
treat each component individually. However, considering the Euclidean norm it
is still possible to find analytically a closed-form expression for Var(Ny), but its
calculation involves nasty integrals and a generic term cannot be found. When we
consider the Rips-Vietoris complex in T2, the variance of the number of 1-simplices
and 2-simplices are given by:
a

Vil = (2 (G r).

and

= ()" (05 (- 2 s (3 - 5 - 2F)
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Since we have an expression for the variance of the number of k-simplices, it is
possible to calculate one for the Euler characteristic.

Theorem 20. Let € < a/6. Then, the variance of the Euler characteristic in a d

torus is:
Vald = (5) 2l

n=1

g - ! (—1)"+ 2(n —i)(n — j)\*
D DR LD D e IRl <”* 1+i+j—n)

j=[(nr1)/2] | i=n—j+1
. d]
B 1 oy 20 —j)?
(n— )% (25 —n)! 1+2j—n

Proof. The variance of x is given by:

E, [(x —Ex[x))’] =Ea <i )FNi — i )YEn [Ni] )

k=1 k=1

Vi lxl

= E, (i(l)k(NkEA[Nk]>

k=1

By |30 S DTN, - By N — Ba )

[i=1j=1

We remark that IV; < i—!l, so there is a constant ¢ such that

E\ ZZUV Ex [Ni])(N; — Ex [N, <ZZ

i=1 j=1 i=1 j=1

< cBy [eM]? < .

Thus the alternating serie converges absolutely allowing us to exchange the mean
with the sums and we can write

Vx| = Z(—l)i Z(—l)jCOV,\ [N, Nj].

The result follows by Eq. (10) and some tedious but straightforward algebra. O

Lemma 21. Let n be a positive integer, then

S50 (o)) -

Proof. We first simplify the expression:

> ()(G50)-60) =252 0)00)

j=1 j=1

Then, applying hypergeometric functions, we solve the sum:

B, )-or

Jj=1
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Theorem 22. In one dimension, the expression of the variance of the Euler char-
acteristic 1s:

Vi lx] = a(Ae 2 — 4\%ee ).
Proof. If d = 1, according to Theorem 20:

i ch(2Xe)™,

n=1

(12) Vilxl =

Nle

and we define

N - (=1)™*n B n
KD DR LD DI o 1Sy ey Sl oy Ty ey

j:[nTH'l i=n—j+1
and 3, = ¢}, — . It is well known that

Er()-cm (270,

=0

using Stiffel’s relation, we obtain:

o= ()" > l<?>22jz_n(1)i<z>+2(Un(?)]

= Y=

-, 2 POGE ) - 06 ) -2 ()]

i=["5]

o =t 3 0050 o)

J= ’VT

The identity (7;) (nij) allows us to write that

> () =2 (1) =2 wowa

j=[(n+1)/2] 7=0

S o) (3) = () +3o(0) =2 () meen

i=[(n+1)/2] i=

Since (f;i) =0 for j < {"TH], we have

£ 0005500 (40)

J=|"%= J

for n odd and

5 OED-(50)
()50 (C)-(50)
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for n even. According to Lemma 21, we get:

S OG5 -G2)) = e

i=T(n+1)/2]

= n j—1 j—1 n

Z . o) = 1- n/2)’ n even.
j=[(nr1yy2) M/ LN J

Then, we substitute these two last expressions in Eq. (13) to obtain

n (L= 2" >y

on = (1) (n—1) 7~

and thus

oo
E anpz” = —ze " + 2xe 2T,
1=0

Proceeding along the same line, 3, is given by

_ n J (_1)i+j2(n_i)(n_j)
"o j—[;i] 2i:7;j+1 (n— )l n—i)(i+j—n+1)!

2(n — 4)?
(n— )22 —n+1)

_ w (5242715 215
= 1) ( (n—1)! @m)’

and again we can simplify the power serie Z;’io Bnx™:
o0
Z Bpx" = 2xe™® — 2(x 4+ 2%)e 7.
i=0

Then, substituting a,, and 3, in Eq. (12) yields the result. O

Theorem 23. We have Dx <2 and || Dx||p(q,L2(Ta)) < 00 and

I%XXZx)gam<§bg<l%v%ﬁ)>.

Proof. In two dimensions, the Euler characteristic is:

X = Bo — B1 + Bo.

Therefore we can bound Dy by the variation of Sy — 51 added to the variation of
B2 when we add a vertex to a simplicial complex.

If we add a vertex on the torus, either the vertex is isolated or not. In the first
case, it forms a new connected component incrementing 5y by 1, and the number
of holes that is 31 is the same. Otherwise, as there is no new connected component,
Bo is the same, but the new vertex can at most fill a hole incrementing 3; by 1.
Therefore, the variation of 8y — 31 is at most 1.

Now, let us look at the variation of 85 when we add a vertex to a simplicial
complex. According to Proposition 3 is at most 1, showing that Dy < 2. Then, we
use Eq. (4) to complete the proof. O
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6. NTH ORDER MOMENTS

For this section, without loss of generality, using Proposition 9, we can choose
k=1/2¢ 50 A\ = A(26)%, ¢, = 1/2 and ak = a/2e.

We are interested in the central moment, so we introduce the following notation
for the centralized number of (k — 1)-simplices: Ni, = Nj, — Ny.

Finally, let us denote that (;) =0assoonasi<0orj<0Qori—j<O0fori
and j integers.

Definition 7. We extend the Definition 6 used in the second order moments cal-
culations.
Let C1, Co and C3 be three simplices with common vertices. For L € P({1,2,3}),
let us denote my, the number of vertices belonging exactly to the list L of simplices.
Then M = mqy23 + mi2 + mi3 + mag + mq + mo + mg is the total number of
vertices and J3 represents the integral on these three simplices:

._73 :/ / / hpththg dxl de
Apy JApy JApg

with p; being the number of vertices of simplex C; for i« = 1,--- .3, for instance
P1 = Mi23 + mi2 +mis +mq, and x1,--- ,xpr being the M wvertices.

Definition 8. We denote J3(i, ], s,t) the integral defined above such that

mig3 =2t —1—5+sVO0
m12:i+j787t\/0
mlgiift\/o
mo3=7—1tVO0
mi=k—1VO0
me=k—3jVO0
m3=k—sVDO0.

Theorem 24. The third moment of the number of (k — 1)-simplices is given by:
v, > N AN AN IANAYE] " N
E[N}: A\3k—i—jy| b
A | Nk Z_J_Zst iJ\G)\s)\t)\t)\i+i—s—t J3(i,7,8,t)
with s > |i — j|.

Proof. The chaos decomposition of the number of (k — 1)-simplices is as shown in
lemma 17:

Ni=L(fi)+-+ I(fx) = ifi(fi),
with
filwe, - mg) = <’;> /h(:cl,--- o) AN T day L dg,
And

L) :/fi(dw(:cl)— AA(21)) ... (dw(as) — dA(@)).
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_ 1+J—SsAIAJ —t .
Then, we define g; jitj—s = Zt [ibie) t(; )( )(Zﬂ . ) fiot™ f; and using the
chaos expansion (cf Proposition 6):

Nks = (Li(f)+ -+ Ie(fr)?

k k
SO LU | T(f) + -+ Te(fx)

i=1 j=1

i+7

Z Z gw,H-J s)(Il(fl)"'"""Ik(fk))

ij=1 s=|i—j]|
itj

Z S L(gigiri—s)Ti(f)-

1,5,1=1 s=[i—j|

When taking the expectation of Nj, we use the isometry formula in Eq. (1). De-
noting u =1 + j — s, we obtain:

i+jNk

E, {ng} = Z Z s(9i,5,u) s (fs)

4,J=1 s=li—j|V1
k i+jNk

Z Z /gz,],ufs)\ d.’L'1 Ts

1,j=1 s=|i—j|V1

i+jAk  uAiNng

IS z»ﬂ()()(ut ) [t s e a,

i.=1 s=|i—j|V1t=[%]

Then we recognize the integral defined in Definition 8:

mli]- 3 5 S een(OO00)

.5,=1 s=li—jlv1t=[%]
\73(i7j5 S, t)

Finally, relaxing the boundaries on the sums conclude the proof. (I
Definition 9. Let Cy,---,C, be n simplices with common vertices. For L €
P{1,---,n}), let us denote my, the number of vertices belonging exactly to the
list L of simplices.

Tﬁen M = ZLeP({L_:_ m}).mL is the total number of vertices and [T, represents
the integral on these n simplices:

jn:/ / hp, ... hp, dxy... drys.
API APTL

with p; being the number of vertices of simplex C; fori=1,---.n, and x1,--+ , T
being the M wertices.

Theorem 25. The expression of the nth power of the number of (k — 1)-simplices
is given by:

n—2
~ m; 1 m; o t;
af M, 7, J
(e Z Z Z Htj'<tj><tj)<uj—tj>
yin 81, 8pn—2 t1, tn— Jj=1
Ia(ojeAfij)Ib(ojeAfij)-
With for j € {1,--- ,n —2}:
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L 1§7’17 ;ingk;

o 55 = [mj1 —myal,

o myy =igj_1 if 1 <j< |5 and So(j—| = |)—1 otherwise,
e mjp =iy if 1 <5< |5 and Sa(j—| =) otherwise,

(] Uj = MmMj1 + mjo — Sy,

o AC{I, ,TL},

e Ifn is even, then a = s,,—3 and b = s,_2,

e Ifn is odd, then a = sp,—o and b = 1i,.

Proof. The decomposition of the centralized number of (k — 1)-simplices is:

Ni=nL(f1)+ -+ Iu(fi) = ZI fi)-

Now, we raise Ny, to the nth power:

k} n
N, = <Zli(fi)> .

First, we consider the case where n is even, we can group the factors by 2:

Nk - (ZI'LI fll Z 12(fi2)> Z in—1 fln 1 Z fzn

i1=1 i2=1 in—1=1 in=1

We then use the chaos expansion of Proposition 6:

BT O I H AN

s<2t<2(sAIAj)
i+j i\ (7 ¢
| o itj—s—t g
SRS P SN )1 | TR
s=li—j| i+j—s<2t<2(i+j—s)AiAJ)

Let us denote g5 = t'( )( )(
boundaries on the sums:

LUL(F) = Y. > I(gs).

t
Zﬂ o) fio ISt i 50 we can re-write, relaxing the

s>|i—j| t
Thus, we have:
~ k k
NI? = Z Z lel(gsl)"' Z Z ZISTI,/‘Z(gSn/Z)'
11,82=1 51 >|i1—iz| U1 in—1,in=15, o>]in_1—in| tn/2

We go on grouping terms by 2 until we only have a product of 2 chaos left: First we
made n/2 chaos expansions, leading to n/2 sums with indexes s;, j =1,--- ,n/2.
To reduce the number of chaos to 2, we have to make other chaos expansions. For
J = 5 + 1, the sum indexed by s; represents the expansion of the chaos indexed
So(j— _) 1 and $9(j—2)—1. We have 2 chaos remaining when j = 2(j — §) +2, ie
when j =n — 2.

Moreover, there are as much sums indexed with ¢; as with s;, that is n—2. Thus
we can write:

NI?: Z Z Z Isn o (P55 )55 (Ps,s),

91,0 4t =181,""Sp_2t1," _

With s; > |mj 1 —m;e| for j € {1,--- ,n — 2} if we denote:
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[ ] mj;i1 = ’L'ijl if 1 S ] S % and SQ(J_E) 1 otherwise,

® mjo =iz if 1 <j <3 and sy;;_=z) otherwise.
Then, denoting u; = m;1 + m;2 — s; and A the subset of {1,---,n} such that if
j € A then the chaos i; is expanded in the chaos s,_3, we have:

Is, 4 (Qﬁsnfs )Isn,72 (¢Sn—2) =

n—2

m-71 m'12 t;
Tt (") ("22) (2 1) ) e slosen il ateseats)
j=1 J J J J

The notation ojea fi; represents the product defined in Eq. (3) of the functions
fi; for j € A, but whom variables depend on all the i1,--- ,ip, 81, , 8,2, and
tla T atn—2-

Now, if n is odd, we consider n — 1 which is even, therefore we have:

Nl? Z Z Z én 4 ¢5n 4) Sn—3 ¢én 3 Z Iln fln

i1, yin—1=1 81, ,Sn_3t1, tn_3 in=1
= E E E I, . ¢Sn 2) in(fin)v
11,0, in =181, 8n—2 t1, 0 tn—2
with s; > |m;1 — mje| for j € {1,--- ,n — 2} using the same notations for n — 1

instead of n:
o my =ig;_1if 1 <j < 75+ L and 8y(j—nz1)—1 otherwise,
e Mg =1 if1 <7< T and So(j—nsly otherwise.
2

And with U; = mj 1+ mjo — Sj,

mi1 m; 2 t;
et = (T(2) () () ) oot
J J J

concluding the proof. O

Theorem 26. The expression of the nth moment of the number of (k—1)-simplices
is given by:

)= Y 2 e (IDe(f)

150050 S1573Sn—3 b1, tn—2

n—2

miq mi o t; . .
H tj'( t]-7 )( t]-7 )(u ]t) jn(lla"' 3 tny, S1, 70 asn—3;tla"' atn—2)-
j=1 J J J J

With for j € {1,--- ,n —2}:
o if j<n—3,5;>[mj1—myol,
mja =izj—1 if 1 <j<[5] and sy n)y-1 otherwise,
mj2 =iz if 1 <j<|[5] and sy n)) otherwise,
mj3 =355 if 1 <j<n—3 and s,_3 otherwise,
u; = mj 1+ mj2 —m;s,
If n is even, then ¢ = s,—3 and
Sp—3 > [Mp_21 — Mp_22|V |Mp_31 — Mn_32|,
o Ifn is odd, then ¢ =iy and in, > |Mp_21 — Mp_22|.
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Proof. The expression of the nth power of the number of (k — 1)-simplices is given
in Eq. (14):

n—2
~ m;q m; o t;
NP — .| 7, 7, J
-y oy (e,

i1, i =181, ,8p—2t1, ,tn_2 \ j=1 J J J J
Ia(ojeAfij)Ib(ojeAfij)-

If n is even, we have:

n—2
~ m;q m; o t;
n __ N s s J
we Yy oy (e ()
i1,y in =181, ,Sn—2 b1, ;tn_2 \ j=1 J J J J
ISnfa (OJGAfij )Is'n.72 (OjEAfij)'
So let us focus on the only part of the equation which is likely to change when we
take the expected value, that we will denote:

K= Z Z Isn—s(OjeAfij)Isn,72(oj€Af7;j)'
Sn—3 Sn—2

We then use the property of Eq. (1) and recognize the integral from Definition 9:

n
i [k . .
EA [K] = Z HAk K <Z> Asnigjn(zlv"' 7'Ln7515"' asn73;t15"' 7tn72)
sn—3 \j=1 J
= Z)\nk+sn N HA z]< > jn(lla' : 7in5517"' 7Sn737t17"' ;tn72)7
Sn—3

with 8,3 > |Mp_21 — Mp_22|V |Mp_31 — My_32]|.
Then for n odd we directly write:

K' = 33 L(ojerfi)lon(ojerfi,),

in Sn—2
- k
EA [KI] = Z)\nk-‘rzn, ]:[)\_lj (Z) jn(lla ainasla"' aSn—3;tla"' atn—Q)a
in j=1 J

with ¢,, € {|mn_271 - mn_2,2| V1, /{3}
The binomials with the i; allow us to relax the boundaries on the sums on i;,
concluding the proof. (I

7. CONVERGENCE

Let T be an arbitrary connected simplicial complex containing n points and X
be a random simplicial complex in a compact set B generated by the Poisson point
process w. The number of occurrences of I' in X is denoted as Gr. In what follows,
we denote by V) [X] the variance of the random variable X under the probability
distribution P. In this section, c¢ is a constant which may vary from line to line
and may depend on everything but .

Lemma 27. The random variable Gr has a chaos representation given by:

n

Gr =Y L(f),

=0

where f; is a bounded symetric function.



SIMPLICIAL HOMOLOGY OF RANDOM CONFIGURATIONS 27

Proof. Let k be the number of 1-simplices of the connected simplicial complex Gr
and Jj be the set of the k couples of indices such that if (¢, ) € J, then the points
x; and z; form an 1-simplex. Let

1
B, ) = — IT tie—ei<a

(4,9) €Tk
where cr is the number of permutations of {x1, -+, ,,} such that
ﬁ(zla Ty :C’n) = B(xa(l)v ) za(n))a
and let f(x1, -+, x,) be the symetrization of B(xl, -+« , x,). This means that
GF: Z f($17"';zn):/f(x1;"' 51'71) dW(SCl) dCLJ(ZL'n)
L1y, Tn €W A
wita)ifits n

Using the binomial expansion and some algebra, we obtain

- n
GF:Z/ <z> / flze, - ,azp)Adoy oo X day—
=04, AL

(dw(Tp—it1) = A dzp_it1) ... (dw(zy) — A dxyp).
We define, for any i € {1, --- , n},

n .
fi('ri+17"'7zn): (l)An ! / f('rlv"'azn) dxl dzn*i
Bn—1
and to conclude the proof, we note that, since B is a compact set and h is bounded,

fi is bounded. O

Lemma 28. For any I' connected simplicial complex containing n points, for A

large enough,
EA [GF] S cA\" and V)\ [GF] S Plgnil()‘)

where Pg"il()\) s a polynomial on \ of degree 2n — 1 depending on T.
Proof. Using 27 and the chaos properties, we obtain

E, [Gp]:)\"/ flay, ) day ... dey < A",
Ay

since f is bounded. Furthermore,

n

VGl = > il fill72 0

i=1
2
= 7! / )\”_i(v_l) / flxe, -, xp) dey ... dop—; | Aday... X day
, i
i=1 A, Bn—t
2
:Zi!)\%_i/ (n) / flzy, -, xn) doy ... dog—y dzy ... dz;.
, i
=1 A, Bn—i
and since f is bounded, V) [Gr] is a polynomial of degree 2n — 1. O

Lemma 29. For X\ large enough, if k > 1,
Ex [(Ix(1))%] < eA®* 1,
and Ey [(Ix(1))?] is constant if k = 0.
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Proof. The proof is trivial for the case £k = 0. If £k > 1, for ¢ < k we have
i—1

/ dw(@1). .. dw(@;) = [Jw(B) - ),
A, =0
so we can rewrite I (1) as follows:
k k—i—1
=3 | (F)eas@y T wm -
=0 j=0

Thus, E) [(Zx(1))?] can be written as

Ex [(I:(1)°] = Ex [(@(B)=AS(B) + Y~ i w(B)AS(B)Y |,
2<i+j<2k—1
where the ¢; ; are integer constants.

If we differentiate the k-th central moment
oo

o ()\/)i
BN - X = Y- wyhe L
i=0
of a random variable N distributed as Poisson with mean X', with respect to X we
find the following recurrence:
dE[(N — \)¥]
dax
Hence, using induction we can show that E[(N — \)¥] is a polynomial on A with
maximum degree |k/2], for k > 1. Since E) [w(B)?] is the Bell Polynomial of
degree 7 on A, it follows straightforwardly that the polynomial

E[(N — X)) =X < + kKE[(N — X)’“]) .

Ex| S cuw(BIOS(B)

2<i4j<2k—1
has degree at most 2k — 1, and the proof is thus complete. (I

Definition 10. Let f;, g; and hy be, respectively, functions of i-th, j-th and k-th
chaos of the Wiener-Poisson decomposition of some square integrable function of
w. For 0 <s<2(nAm), we define

i xs §j = n! Z><j> o0 " g;.
o s§2n§2z(smAj) <n " ”
For 0 <r <2((i+j—s)ANk), we abuse of the notation to write
hi, *r (fn *s Gm) = hi *r fr *s gm.-
Lemma 30. If |fn(x1, - ,x,)| is bounded by a positive real ¢, then
Ex [1(fn)?] < PEx [1.(1)%].
Proof. We use the isometry formula given by Eq. (2), so
Ex [I(fa)?] = nlllfallzzogen

B'n.

IN

n!/ ANdzy .. M\ dxy,

= ’E\ [L,(1)?],
and the proof is complete. Il
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Th _ Gr—E,[Gr]
eorem 31. Let F = LG then, for X\ large enough,
A T

/BEA [|D:F|?|D,L"F|] A dt < )\1/2

Proof. Provided that Gp has n points, Lemma 27 shows that Gr = >_7" I, (f»),
SO
D/F = \/722@ 1(fi(%, 1))

D,L7'F = \/7211 L(filx, 1)

Let us define

gi _ fl(*7t)
i—1 )\n—i

According to Eq. (7), we note that g; does not depend on A. Using the triangular
inequality, we have

n—1

B )\371 3—i—j—k i1 +1

D FPIDLTE] <Y [é] U5 7 (001 () I (91
i, k=0 r

Then, we apply twice the chaos expansion and use again the triangular inequality
to obtain:

n—1 2(iAJ) 2((i+j—s)Ak) In—3—i—i—k
A i- 1 1
i,7,k=0 s=0 r=0 [GF]

it jtk—s—r(gi *r gj *s gk,
Since f; is bounded, g; is bounded as so g; x, g; x5 gx for i, j, k,r, s in the range of
their indexes above. We define

(Z 7 k,T, S) = SUP{gi *p g_] *g gk}(l + 1)(.7 + 1))
and we use Jensen’s inequality and Lemma 30 to write

E\ [|[D«F[?| DL~ F]]

n—1 2(iAj) 2((i+j—s)Ak) \3n—3—i—j—k
<> Z oA

s—En [(Iz'Jerrkfsfr(gi *p G5 *s gk))ﬂ
z]kOsO V/\[GF]Q

W=

(RO oo el ki)

Ex [(Tijh—s—r(1))?]
4,j,k=0 s=0 r=0 [GF]
Using Lemmas 28 and 29 we obtain

NI

n—1 2(iAj) 2((i+j—s)Ak)
/ E\ [|[DF*IDL7 | A dt
B

S Z Z Z C(i)jakara S) X
i,7,k=0 s=0
)\Bn 3—i—j—k 1/2
B [ 0P [ A
Vi [Gr]? B

<

e

3n—3
L/ A dt < 1/27
(Gr] A

concluding the proof.
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Theorem 32. Let
Gp —E, [Gr ]
Var(Gr)

Then, when X is large enough

Ex [|1 — (DF,DL™'F)12(y|] < WQ,
for some constant c.

Proof. The expressions of D¢F and D,L~'F are given by

1 n
DtF = 'L'Ii—l PAton)
AN ; (fi(%,1))
and

D,L7'Z = Li_1(fi(*,1))

Sy

The inner product (D;L™'F, DyF) 2y is expressed by:

1 n
-1 _ T e o (Fa(x .
(DeL™"F, Dy F) 20 = N /Bi;j_lllzl(fz( JONi—1(f (=, 1) dt
Then,
. 1
(DL 2, DiZ)120y = 3 VilGil. E / -1 (fi( ) -1 (f5(+, 1)\ dt

1 2
= V. [GF]/IO(fl(t) Adt

1
i—1(fi(x,1)) t))A dt.
+ e z_ i [ T (1)
(w)#(l 1)
Defining g;_1 as in Theorem 31 and using the chaos expansion, we get:
1f1ll7 20 1 &
D,L~F,D,F - SO z'ifl!/ D) A dt
< t t >L2(A) V)\ [GF] VA [GF];( ) BHf( )HL2(X)
n—1 \2n-2i-2 p 207D
+ Z+17/ Ii,S i*si)\dt
;( ) Vk [GF] 5 g 2 (g g)
n—1 )\2n i—j—2 2(iNg)
+ i]zzjo(zﬂ G / Z Tivi—s(gi*s gj)A dt.
Since
[uneligra = [ ([ onan.adis ) aa
B Bi-1
= / Rt -t N dEy . A dt g\ dE
= HleLZ()\)v

and given the isometry formula
V, [Gr] IGr || 220 — Ex [Gr)®
= D nlllfillZai — 1Foll® = Y nlllfillZacn),
=0 =1
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we have

il 1 & 2
+ "—1!/ (6, 0)]| 52 0 A dE = 1.
V. [Gr] V. [Gr] Zl(l ) 5 Ilfi(x, )17 )

=2

Hence

n—1 2(inJ) \2n—i—j—2
D.L='Z D =1 D—=—-— | Litj—s(gi*s gj)\ dt.
(Dt tZ)L2(n) + Z Z i+ N /B +j—s(9i *s gj)

(1,3#(1 1) s#2i zf i=j
Let ¢(i, 4, s) be defined as
c(i, j, s) = sup{gi s g;} (i + 1).
Then, we use the triangular inequality, Jensen’s inequality and Lemma 30 to obtain:
A1 = (DF,DL™"F) 20\
2(ing) )\2n i—j—2

Z Z (H‘l)w/ Lt j—s(9i *s 95) |)\dt]

(w)#(l 1) or2lif i=j
2(iNjG)

DS G [ B [atoim )P 2

1,j=0 s=0
(1,9)#(1,1) 720 4 =]

2(iAj) \2n—i—j—2 e
< c(i, ], 8) =—=————Ey [(Lis—s(1))? / ) dt.
< Z Z (i,J >VA[GF] A [Ty (1)?] j
(i,j)¢(1,1) s#2i lf i=j
Finally, using Lemmas 29 and 28, there is a constant ¢ such that:
B [[1—(DF, DL F)ray] < /\1/2
for A large enough. .

Theorem 33. There exists a constant ¢ such that, for \ large enough, the Wasser-
stein distance between F' = %:([GG:)] and N(0,1) is given by:
dw (F,N(0,1)) < —

=172
Proof. The proof comes straightforwardly from Theorem 3.1 as stated in [16]:

dw (F.N(0,1)) < Ex [|1 = (DF, DL™'F) 120 [] + / Ex [|DFPIDL7 F| A dt,
B

which we can use since f,, is bounded, so F' € Dom D. We use theorems 31 and 32

in the first and second terms, respectively.
O

8. Di1scussiION AND CONCLUSION

Through this work, we successfully obtained the moments of the number of
high order interactions, named simplices, and the two first order moments of the
Euler characteristic. The assumptions are quite reasonable and are justified for real
systems. The randomness of the positions reflect the lack of capacity of choosing the
position where they are deployed, while the randomness of the number of sensors
comprises various random factors that can happens with a sensor that suppose to
be in the target region (for instance, the sensor can fall outside the region or can
shut off due the lack of energy). The fact that they fall over a torus, can be justified
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if we consider that we can warrant a total coverage in the box [0, a]? if the Euler
characteristic is zero in the Torus, which would not be possible to find if we consider
that points fall directly over [0,a]?. Besides, the behavior in the torus or in the
box is close from each other when we consider small cover of each point. We could
criticize the use of the maximum norm, which is not physically realistic, but this
norm allows us to find closed form formulas results and can represent bounds for
the Euclidean one. If Ey [N/] and E, [X/] represent, respectively, the mean number
of k-simplices and the mean of the Euler characteristic, using the Euclidean norm
we obtain:

Ak t1gd (k + 1)d ((26)k)d
(k+1)! \/Ed(k)

d
(a_ﬂ) e M (Bd (A(\Q/eg); )) <E\[X]< (f)de*M%”(—Bd(fA@e)d))

2¢ €

k+1ad
< By V)] < haf +1)4((26)%)

d

From the properties obtained of the Euler characteristic mean and based in some
simulations, we conjecture that, in a random simplicial complex as defined in this
work, there is always two main kinds of holes in this complex, §; and §;11. So,
for instance, consider figure 8 where points are placed in 5 dimensions. When A
is small, in average, the components are isolated from the others, so 5y > 0 and
we do not have other kinds of holes, so 5y is the dominating Betti number. If \ is
increased (which means, in average, increase the number of points), the components
connect with each other, decreasing 3y and we begin to form the first cycles, so gy
and (1 are the dominating Betti numbers. Increasing A even more, the complex
becomes completely connected and we have a large number of cycles. For A even
larger, those cycles begin to vanish and we have the first voids. Then, we follow
this reasoning until all the region is completely covered and x = 0.

Domination regions of & when = & in function of A
—

10 E T T T T T T
8 | [ Dominsting g
6 :." B | &
4 ,"I W Aand 5
2 / 4 mA
0 <4 | @ Aand 3
= 9 1| ma
[ Beand
4 R
% [] A and
-8 1|05
10 - | [] No dominance
_12 1 Il 1 | 1 1 1
2 4 [ i 10 12 14 16
A

FIGURE 7. Behavior of x with respect to A.
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